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Classical obstacle problem

We are given:
e ¢ € C%(D), the obstacle;
e ¢ € WH2(D) with ¢ < on 9D, the boundary values;
e f € L*>°(D), the source term.

We want to minimize
/(vu2 + 2fu)dx
D

over K ={uec WY2(D) :u=1 ondD,u> ¢ ae. in D}.
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Classical obstacle problem

u>Q

-Au=f \

Obstacle/
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There exists a unique minimizer u which satisfies:

Au=fin{u>¢}, Au=A¢ ae on{u=¢}.
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There exists a unique minimizer u which satisfies:

Au=fin{u>¢}, Au=A¢ ae on{u=¢}.

e Coincidence set: Ag(u) = {x € D | u(x) = ¢(x)}.
o Free boundary: INy(u) = 0{x € D | u(x) = ¢(x)}.
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Au=fin{u>¢}, Au=A¢ ae on{u=¢}.

e Coincidence set: Ag(u) = {x € D | u(x) = ¢(x)}.
o Free boundary: INy(u) = 0{x € D | u(x) = ¢(x)}.

First fundamental question: How smooth is the solution? The optimal
regularity of the solution is u € Clvl(D) o~ W2’°°(D),
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There exists a unique minimizer u which satisfies:

Au=fin{u>¢}, Au=A¢ ae on{u=¢}.

e Coincidence set: Ag(u) = {x € D | u(x) = ¢(x)}.
o Free boundary: INy(u) = 0{x € D | u(x) = ¢(x)}.

First fundamental question: How smooth is the solution? The optimal
regularity of the solution is u € Cl’l(D) o W2’°°(D).

loc loc

Second fundamental question: How smooth is the free boundary? In 1977
Kinderlherer and Nirenberg proved that, if the free boundary is a C*
hypersurface, then it is C“ (real analytic). Around the same time Caffarelli
developed his theory of the regularity of the free boundary and proved
Lipschitz regularity, and then proved how to go from Lipschitz to C%,
using boundary Harnack principle.

v
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A remark on higher regularity

Kinderlherer-Nirenberg, 1977:

Used the Hodograph transform to prove that C! free boundaries for the
classical obstacle problem are real analytic.
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A remark on higher regularity

Kinderlherer-Nirenberg, 1977:

Used the Hodograph transform to prove that C! free boundaries for the
classical obstacle problem are real analytic.

De Silva-Savin, 2014:
[Higher order boundary Harnack principle] Assume D C R" is a Ck
domain, 0 € dD. Let u, v be harmonic functions vanishing on 9D N By.

Then y
I < ClIVlli(zy)

Cke(By )
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A remark on higher regularity

Kinderlherer-Nirenberg, 1977:

Used the Hodograph transform to prove that C! free boundaries for the
classical obstacle problem are real analytic.

De Silva-Savin, 2014:
[Higher order boundary Harnack principle] Assume D C R" is a Ck
domain, 0 € dD. Let u, v be harmonic functions vanishing on 9D N By.
Then
v
Iz

Notice: Schauder estimates + Hopf Lemma = [ is Ck=1 up the
boundary. So De Silva-Savin gives regularity of the quotient one order
higher than one might expect. Their result implies C* regularity of C1:®
free boundaries, when ¢ = 0, for the classical obstacle problem.
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|
The thin obstacle problem

We are given:
e D C R": bounded domain;
e M C 0D : codimension one manifold,
e v : M — R, the obstacle;
e ¢:0D — R;

We want to minimize
/ [Vul?dx, (0.1)
JD

over the convex set

K={ue WD) |u=1ondD\ M,u>qpon M}

Mariana Smit Vega Garcia Higher regularity of the free boundary 04/21/2018 6/Rg



-
The thin obstacle problem
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Where does the thin obstacle problem appear?

@ In elasticity (Signorini), when an elastic body is at rest, partially
laying on a surface M.

@ It models the flow of a saline concentration through a semipermeable
membrane (osmosis, parabolic Signorini problem).

@ In mathematical finance, when the random variation of an underlying
asset changes discontinuously.
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Our work

Goal: higher regularity of the free boundary for the parabolic thin obstacle
problem.
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Our work

Goal: higher regularity of the free boundary for the parabolic thin obstacle
problem.

Difficulty: Various complications using the Hodograph transform in the
parabolic setting.
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Our work

Goal: higher regularity of the free boundary for the parabolic thin obstacle
problem.

Difficulty: Various complications using the Hodograph transform in the
parabolic setting.

Other path: Prove a parabolic counterpart of De Silva-Savin, suited to our
setting.
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Semipermeable Membranes and Osmosis
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Semipermeable Membranes and Osmosis

@ Semipermeable membrane is a
membrane that is permeable
only for a certain type of
molecules (solvents) and blocks
other molecules (solutes).
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membrane that is permeable
only for a certain type of
molecules (solvents) and blocks
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@ The solvent flows through the
membrane from the region of
smaller concentration of solute
to the region of higher
concentration (osmotic
pressure).
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Semipermeable Membranes and Osmosis

@ Semipermeable membrane is a
membrane that is permeable
only for a certain type of
molecules (solvents) and blocks
other molecules (solutes).

@ The solvent flows through the
membrane from the region of
smaller concentration of solute
to the region of higher
concentration (osmotic
pressure).

@ The flow occurs in one direction. The flow continues until a sufficient
pressure builds up on the other side of the membrane (to compensate
for osmotic pressure), which then shuts the flow. This process is
known as osmosis.
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Mathematical Formulation

@ We are given an open set Q2 C R” and
M C 09 semipermeable part of the
boundary (thin manifold) Q
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@ We are given an open set Q2 C R” and
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boundary (thin manifold) Q

o ¢: My :=Mx (0, T] = R osmotic
pressure (obstacle)
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Mathematical Formulation

@ We are given an open set Q2 C R” and
M C 09 semipermeable part of the
boundary (thin manifold) ) Q
o ¢: My :=Mx (0, T] = R osmotic
pressure (obstacle)
o v:Q7 :=Qx(0,T] — R the pressure
of the chemical solution, satisfies
Av—0;v=0 inQr
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Mathematical Formulation

@ We are given an open set Q2 C R” and
M C 09 semipermeable part of the
boundary (thin manifold) ) Q
o ¢: My :=Mx (0, T] = R osmotic
pressure (obstacle)
o v:Q7 :=Qx(0,T] — R the pressure
of the chemical solution, satisfies
Av—0;v=0 inQr

(A—at)V:O

@ On Mt we have the following boundary conditions

v>¢p = 0O,v=0 (no flow)
v<¢g = 0Oyv=Av-—29) (flow)
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Mathematical Formulation

@ We are given an open set 2 C R" and
M C 09 semipermeable part of the
boundary (thin manifold)

° ¢: M7 :=Mx (0, T] - R osmotic
pressure (obstacle)

o v:Qr :=Qx (0, T] — R the pressure
of the chemical solution, satisfies
Av—0;v=0 inQr

@ On Mt we have the following boundary conditions

v>¢ = 0O,v=0 (no flow)
v<¢g = 0Oyv=Av-—29) (flow)
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Parabolic Signorini Problem

@ Letting A — oo we obtain the following

conditions on Mt (infinite
permeability)

V=9

d,v>0

(v—¢)o,v=0
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Parabolic Signorini Problem

@ Letting A — oo we obtain the following
conditions on Mt (infinite

permeability)
v>9
o,v>0
(v—¢)o,v=0

@ These are known as the Signorini
boundary conditions
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Parabolic Signorini Problem

@ Letting A — oo we obtain the following
conditions on Mt (infinite

permeability)
v>9
o,v>0
(v—¢)o,v=0

@ These are known as the Signorini
boundary conditions

@ Since v should stay above ¢ on M7, ¢
is known as the thin obstacle.
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@ The function v(x, t) solves the

following variational inequality:
Vv -V(v—w)+0v(v—w)>0
Qr
forall we K
where

K={we WH?(Qr): W‘MT > ¢, W‘(aﬂ\M)T =g}
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@ The function v(x, t) solves the
following variational inequality:

Vv -V(v—w)+0v(v—w)>0
Qr

forall w € K

where
K={weWh(@Qr):wl, =6 wlyon, =&}
@ Then, for any (reasonable) initial condition

V:(bo OnQ():QX{O}

the solution exists and is unique.
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Free Boundary Problem

@ The parabolic Signorini problem is
another example of free boundary
problem.

Mariana Smit Vega Garcia Higher regularity of the free boundary 04/21/2018 14/R



Free Boundary Problem

@ The parabolic Signorini problem is
another example of free boundary
problem.

o Let Ay(v) = {(x,t) e M1 :v =20} be
coincidence set. Then,

Fo(v) == OmrAg(v)

is the free boundary.
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Free Boundary Problem

@ The parabolic Signorini problem is
another example of free boundary
problem.

o Let Ay(v) = {(x,t) e M1 :v =20} be
coincidence set. Then,

Fo(v) == OmrAg(v)

is the free boundary.

@ One is interested in the structure,
geometric properties and the regularity
of the free boundary.
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The parabolic Signorini problem

Let Q C R", M be a relatively open subset of 02, S = 9Q \ M.

Av —0v=0 in Qr :=Q x [0, T],
v>¢, Ov>0, (v—9¢)ov=0 on Mt :=M x (0, T],
v=g on St :=8 x (0, T],
v(-,0) = ¢o on Qo := Q x {0},

where 0, is the outer normal derivative on 002 and ¢ : M1 — R,
0o : Qo — R and g: ST — R are given.

Optimal regularity of the solution:

Danielli, Garofalo, Petrosyan & To, 2013:

3/2,3/4
RS Hloc (QTUMT).
Higher regularity of the free boundary 04/21/2018  15/Ry



The parabolic Signorini problem

Free boundary =TI = O {(x,t) € M1 | v(x,t) > ¢(x, t)}.

A classification of free boundary points is achieved by proving the
monotonicity of a generalization of Almgren's frequency function.

This is a function of r, where r denotes the radius of balls centered around
a fixed free boundary point.
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Almgren monotonicity formula

Historical background: Almgren’s monotonicity formula
Crucial tool: fundamental monotonicity formula proved in 1979 by F.
Almgren: if Au =0 in By, then the frequency of u, given by

r%N(u,r):ﬁ,
Sr

is increasing in (0, 1).
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Since the generalization of Almgren’s frequency for the parabolic Signorini
problem is a bounded, monotone non-decreasing function, it has a limit as
r — 0. This limit was proved to be 3/2 or > 2.

This leads to the definition of regular points of the free boundary, which
are points on the free boundary where the limit of the frequency function,
asr — 0, is 3/2.

Our main result: the free boundary near regular points of the parabolic
thin obstacle problem with zero obstacle is C* regular in space and time.

Mariana Smit Vega Garcia Higher regularity of the free boundary 04/21/2018 18/



Initial regularity of the regular set

Recall: regular points of the free boundary are the points where the
frequency function tends to 3/2 as r — 0.

Danielli, Garofalo, Petrosyan & To, 2013:

If 0 is a regular free boundary point, 39, « > 0 and g with
Vg € H¥/2(BY x (—42,0]), where B! :== B, "R"~2, such that

FN(Bs x (—02,0]) = {(x, t) € By x (—62,0] | xp—1 = g(x", t)}.
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Initial regularity of the regular set

Recall: regular points of the free boundary are the points where the
frequency function tends to 3/2 as r — 0.

Danielli, Garofalo, Petrosyan & To, 2013:

If 0 is a regular free boundary point, 39, « > 0 and g with
Vg € H¥/2(BY x (—42,0]), where B! :== B, "R"~2, such that

FN(Bs x (—02,0]) = {(x, t) € By x (—62,0] | xp—1 = g(x", t)}.

Petrosyan-Zeller, 2015: v; is Holder continuous at regular free boundary
points.
Applying boundary Harnack principle to

vt

——~—, one concludes g; is Holder
Xn—1

continuous.
Hence the regular set is locally a C%“ hypersurface in x” and t.

What about higher regularity?

v

Mariana Smit Vega Garcia Higher regularity of the free boundary 04/21/2018

19/Rg



Our main result

Banerjee, SVG, Zeller, 2017:
Assuming ¢ = 0, The free boundary near regular points of the parabolic
thin obstacle problem with zero obstacle is C* regular in space and time,

that is, g is locally C*°.
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Our main result

Banerjee, SVG, Zeller, 2017:
Assuming ¢ = 0, The free boundary near regular points of the parabolic
thin obstacle problem with zero obstacle is C* regular in space and time,

that is, g is locally C*°.

Main ingredient of the proof: parabolic counterpart of De Silva-Savin for

“slit” domains.
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De Silva-Savin, 2014:
[Higher order boundary Harnack principle] Assume D C R" is a Ck
domain, 0 € dD. Let u, v be harmonic functions vanishing on 9D N By.
Assume u > 0 in D. Then

Iz

— <C <(B)-
ol aa, = Ve

Banerjee, SVG, Zeller: parabolic counterpart to the higher order boundary
Harnack for “slit” domains
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Notations

Let g € Hk+1to,
We define a slit as

P={(x,t) eER" xR | x, =0,x,_1 < g(x", t)}.
Define
F={(x,t) eR" xR | x, =0,x,—1 = g(x", t)},
U, = {(X,xn, t) | —r><t<0,|xa| <2r,|x| <r} CcR" xR.

We will look at Wy \ 7.
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Main result

Banerjee, SVG, Zeller, 2017:

[Higher order boundary Harnack principle] Let k > 0. Assume U > 0
solves AU — U; = 0 and u solves Au — u; = %f in Wy \ 7, where Uy and
r are specific functions and f has an appropriate regularity assumption.
Assume U, u € C(V1), and that U and u vanish continuously on P, where

P={(x,t) eER"XR | x, =0,x,-1 < g(x", t)}
and g € HFH I If k =0, we assume ||g||c1+a < 1. Then

|1 <

Hk+1+a(rmw1/2) -
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How do we use this to prove higher regularity?

Recall: TN (B} x (—02,0]) = {(x',t) € By x (—6%,0] | xp_1 = g(x", t)}.

We have v(x”, g(x",t),0,t) = 0. Differentiate w.r.t. x,...,Xp_2, t:
D;v D;v
— Dig, Y — Dig.
anlv Ig’ anlv tg

In our higher order boundary Harnack principle, let u = D;v, U = D,_1v.
Then D;g € H'te.

In our higher order boundary Harnack principle, let u = D;v, U = D,_1v.
Then D.g € H'™.

Hence g € H>*e,

Proceed inductively.
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Thank you!
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