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The case of co-dimension one

@ For any E C 012, its harmonic measure
w(E) = P(Brownian motion BY exits the domain Q from E).

@ The solution to the Dirichlet problem

—div(A(X)Vu) 0, inQ
u = f, ondQ

satisfies u(X) = [5o f dw(’.
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The case of co-dimension one

Question in co-dimension one: Given a bounded domain Q C R”
(n > 3), what is the relationship between the harmonic/elliptic measure w
and the surface measure o := H" " 1pq?

In particular, what are the necessary and sufficient geometric assumptions
to guarantee w K 0 K w7
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Harmonic measure for sets of higher co-dimensions

Sets of co-dimensions greater than 2 are invisible to harmonic measure!
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Harmonic measure for sets of higher co-dimensions

Sets of co-dimensions greater than 2 are invisible to harmonic measure!

Analogous harmonic measure for lower-dimensional sets:
o Lewis-Nystrom 15’

p-Laplace operator — div(|Vu|P~2Vu) for p > 2
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Harmonic measure for sets of higher co-dimensions

Sets of co-dimensions greater than 2 are invisible to harmonic measure!

Analogous harmonic measure for lower-dimensional sets:

@ David-Feneuil-Mayboroda 17’

linear degenerate elliptic operator — div(A(X)V)
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Harmonic measure for sets of higher co-dimensions

Construction

e Geometric assumption: We consider the domain Q = R" \ T, where
I C R" is d-Ahlfors regular with d < n—1, that is, I is closed and

HIT N B(q,r)) ~r?, foranygel,r>0.

In this case we say o = H9|r is the surface measure.

. o



Harmonic measure for sets of higher co-dimensions

Construction

e Geometric assumption: We consider the domain Q = R" \ T, where
I C R" is d-Ahlfors regular with d < n—1, that is, I is closed and

HIT N B(q,r)) ~r?, foranygel,r>0.

In this case we say o = H9|r is the surface measure.

e Analytic assumption: We consider the operator L = — div(A(X)V),
where the matrix A satisfies

Co(X)4= V]2 < AX)E - € < Go(X) Ve 2,

for any X € Q and £ € R". Here §(X) = dist(X,T).
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Harmonic measure for sets of higher co-dimensions

Construction (cont.)

Definition
There exists a bounded linear functional U : C.(I') — C(R") such that for
any f € C.(I'), Uf solves the Dirichlet problem

Lu=0, Q
u=17~f, T

and satisfies the maximum principle.
Harmonic measure For any X € (2 there exists a unique measure w? on
I" such that

Uf(X):/f dwi.
r
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Harmonic measure for sets of higher co-dimensions

Main Theorem

With the elliptic theory laid out in the work of David-Feneuil-Mayboroda
17', we are able to prove:

Theorem (Mayboroda-Z 18')

Under the above geometric and analytic assumptions,
wr € Ax(0) <= the Dirichlet problem is solvable in BMO spaces.

That is, for any f € C.(T'), the solution u := Uf satisfies |V u|?>§(X)dm(X)
is a Carleson measure, with norm bounded by ||f||%0-

v
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Example of wr € Ax(0)

Theorem (David-Feneuil-Mayboroda 17")

Suppose I is a Lipschitz graph on RY with small Lipschitz constant, then

the harmonic measure wr € Ax (o) for a specially chosen matrix A(X) in
the degenerate elliptic class.
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Harmonic measure for sets of higher co-dimensions

Analogue in co-dimension one

Theorem (Dindos-Kenig-Pipher 09, Z 16’; co-dimension one)

Suppose Q2 C R" be a uniform domain with Ahlfors regular boundary. Let
L = —div(A(X)V) be a uniformly elliptic operator on 2, w; be the
corresponding elliptic measure and o = H" }|sq.

wi € Ax(0) <= the Dirichlet problem is solvable in BMO spaces.

v
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Ingredient of the proof in co-dimension one

Theorem (Dahlberg-Jerison-Kenig 84'; co-dimension one)

Let Q be a Lipschitz domain in R" and Xg € € be fixed. Suppose the
elliptic measure w; € Ax(0). Then for any 1 < p < oo, any solution u to
Lu = 0 satisfying u(Xo) = 0, we have

Gl[Null ey < [|Sullieoy < Gl Nul[1o(o).-

Definition
We define the non-tangential cone with vertex g € I' and aperture « as

Mq)={XeQ:|X—-gq|<(1+®)i(X)}. We define the non-tangential
maximal function and square function as

= su u u = u2 1-d m i
i) = s OO Su() ( //r IRE (X))

Xel(q
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Harmonic measure for sets of higher co-dimensions

1Sullp(oy < ClINul|1p(o)

I

We can find 6 = d(€) such that for all A > 0

o({qg€dQ:Su(q) >2X Nu(q) <6A}) <eo ({qed: Su(q) > A})

[

o({qg € A:Su(q) > 2\ Nu(q) <\}) <eo(A), for some A

[

Xa ({g e A Su(q) > 2), Nu(q) < 6A}) < Co2w™s (A)
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Harmonic measure for sets of higher co-dimensions

Ingredient of the proof in higher co-dimensions

Theorem (Mayboroda-Z 18")

Let T be d-Ahlfors regular set in R" with d < n—1. Suppose wr € Ax(0).
Then for any 1 < p < oo, any solution u € W,(Q) to Lu =0, we have

[Sull1p(o) < ClINul|1p(e)

as long as the right hand side is finite.
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Thank you!
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