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The question and the plan

This was joint work with Murat Akman, John Lewis, Olli Saari
and just accepted in Advances in Calculus of Variations.

Background: For 1 < p < n, in R", using a generalization of
p-capacity for operators A of p-Laplace type an A-capacitary
function (for E compact, convex with positive capacity) was
used to solve the Brunn-Minkowski inequality and a Minkowski
problem in The Brunn-Minkowski inequality and a Minkowski
problem for nonlinear capacity with Akman, Gong, Hineman,
Lewis, which followed Jerison and CNSXYZ.

Question: What to do when n < p < oo since p-capacity is no
longer useful?

Plan: Try to generalize logarithmic capacity when p = n to

n < p < oo for p-Laplace type operators.



A-harmonic equations, solutions

e For p,a € (1,0), A: R™\ {0} = R" belongs to the class
My () if it has continuous derivatives and satisfies ellipticity
and homogeneity conditions

(i) glnlP2n* < 327 G (n)ynin; and

i,5=1 On;
i1 IVAi(n)] < alnfP~?

i=1 |
(ii) .jl( )= |77\p_1.,4(‘2—|), for all n # 0 set A(0) =

ouc W@if(Ulis A-harmonic in open set U C R™ means: for all
open G with G Cc U

/A(Vu(y)) -VO(y)dy =0 for all § € Wol’p(G)

shorthand version is V - VA(Vu) = 0



Examples of A € M, («)

o p-Laplace: Let f(n) = S|n|” set A(n) = V f(n) = "~y this
gives the equation V - |Vu[P~=2Vu = 0

e Whenever f is p-homogeneous and A(n) = V f(n), then the
ellipticity condition on A says
n-D2f(n)n=pp—1)f(n) > Sl

e For f( ) =01+ Em F) [0 with € > 0 small enough

A(n) =V f(n)is M rotationally invariant.

e For u A—harmor}ic onUandT:V — U~a rotation then
(z) = u(T'z) is A-harmonic in V' where A € M,(a)

In particular: if u is A-harmonic then 1 —u is A-harmonic
where A(n) = —A(—n), here A and A are in the same class
M ()



The associated A-harmonic measure

For E C B(0, R) a nonempty, convex, compact set (containing
at least two points when p = n) and u > 0 an A-harmonic
function in B(0,4R) \ E with u = 0 on OF in an appropriate
Sobolev sense there is a unique positive finite Borel measure v
with support in E associated to u so that

/ A(Vu(y)) - Vély) dy = — / 6 for all ¢ € CS°(B(0,2R))

In the harmonic case p = 2 and A(n) = V3|n|?
dv(y) = 2|Vu(y)|dH" " (y)

In case A(n) = V f(n) and there is enough regularity (Lemma
8.2)

dv(y) = pﬂvvlzz(ygﬁ) dH"!(y)



Capacity when p = n?

e When A(n) = V%|n|p the p-capacity of a compact, convex set
E with nonempty interior is

Capy(E) = inf{/ |Vo(z)[Pde | ve CF(R"),v=1o0n E}

and the infimum is attained by a function w called the
p-capacitary function. For 1 < p < n this is the function
considered in the previous work on Brunn-Minkowski and
Minkowski.

e For p > n the p-capacity of any ball is 0, see HKM.

e Borell for p = n = 2, Colesanti and Salani for p =n > 2
consider the logarithmic capacity and study it in the
Brunn-Minkowski inequality.



The plan for p > n and A € M,(«)

1. Get a A-harmonic fundamental solution F'(x) with pole at 0.
2. For a compact convex set E (containing at least two points if
p =n), get a A-harmonic Green’s function G(x) with pole at
infinity

3. Show that G(x) = F(z) + k(x) and k(o0) exists. k(oc0) <0
when n < p < o

4. for p=n set C(E) = e ¥(>)/7 then C' is homogencous of
degree one

5. for n < p < oo set C(E) = (—k(c0))P~! then O is
homogeneous of degree one

6. show Brunn-Minkowski for these 1-homogeneous set
functions



More explicitly for p =n, A € M, («)
There is a unique, set F'(e;) = 1, fundamental solution with
pole at 0, F(x), satisfying
F is A-harmonic in R™ \ {0}

/A(VF(&U)) -VO(z)dz = —0(0) for all § € C§°(R"™)

‘ F(x) = vlog|z| + b(z/|z|) ‘ forz #0,v>0,bc CY of a
nhbd of the unit sphere, 1 < VE(z) -2 < |2]|[VF(z)| < ¢

Given a compact, convex set /' containing at least two points
there is a unique Green’s function with pole at infinity G(x)
satisfying

G is A-harmonic in E¢ with continuous boundary value 0 on
oF

‘ G(z) = F(z)+ k(x) |, k bounded in a nhbd of infinity and
k(o00) exists, |k(z) — k(oo)| < 7olz| 78, |z| > 7o




C(FE) for p = n is 1-homogeneous

Define C'(E) = ¢ *(>)/7 note that C' is homogeneous of degree
one. Write G, kg for the Green’s function on E° with pole at
oo, consider

Gg(z/t) = F(z/t) + kp(z/t)
= vylog|z/t| + b(z/|z|) + kp(z/t)
=vlog|z| 4+ b(z/|z|) + kr(x/t) — vylogt

This is the Green’s function for t£, with
k(o) = kgp(oo) — ylogt so that

C(tE) = e(—km(o0)—7logt)/y _ tC(E)



More explicitly for p > n, A € M,(«a)

There is a unique fundamental solution F'(x) with pole at oo,
satisfying F' is A-harmonic in R™ \ {0}, F(0) =0, F(x) > 0 for
x # 0,

/A(VF(Q@)) -Vl(z)dr = —6(0) for all § € C§°(R"™)

F(x)=|z = 1Y/(T/| '[)| where 9 is C1° on the unit sphere.
F(z) S VF(z) 2 < [H|VF(2)] < cF(2)
Given a nonempty compact, convex set E there is a unique
A-harmonic Green’s function on E° with pole at oo and
continuous boundary value 0 on OF satisfying

‘ G(z) = F(z) + k(z ‘ where k(x) is bounded in a nbhd of co
and k(oo) exists, |k(z) — k(oco)| < #olz| 75, |z| > 7o




C(FE) for p > n is p — n homogeneous

Define C'(E) = (—k(00))?~! let’s show that C is homogeneous
of degree p — n. Write Gg for the Green’s function of £ with
pole at oo, consider

£ Gp(a/t) =t (F(z/t) + kp(z/t)
— t571 (J/t) 7 (x/|2]) + ke (x/t)
= [a|PT + 7 k(1)

So this is Green’s function for tF with pole at oo,
k(oco) = t 71 kg (o) and

C(tE) = (—t%kE(OO))p_l _ tp—nC(E>



the Brunn-Minkowski inequality: for all F, E5
compact, convex sets (with at least two points when
p=mn) forall A € (0,1)

When p = n

C((1 = NE1 + AEs) > (1 — NCO(EL) + AC(E)
When p > n
C((1 = N By + ABy)7 7 > (1= NC(By) 77 + AC(By) 7=
By clever choices of sets and parameters these are equivalent to
C((1 = N\ Ey + \E») > min{C(E), C(E)}

Proof, convert this situation, Green’s functions, to the one in
the previous paper, capacitary functions.



The Brunn-Minkowski Theorem

Theorem A. Let E, and E5 be compact conver sets in R",n > 2. Assume that both
sets contain at least two points when p = n and that both sets are nonempty when
p>n. IfA€0,1] and if p=n then

(24) CANE + (1 = N Ez) > ACa(E)) + (1 = A\)Ca(Es).

While if n < p < oo then

(25)  [CaME+ (1= NE)[FT 2 ACA(E)™ + (1= N)Ca(E) 7.
If equality holds in (2.4) or in (2.5) and A satisfies
(2.6)
A, OA; .
(i) There exists 1 < A < oo such that ‘Az (n) — {Az ()| < Al —=of gl
on; on;
whenever 0 < 1 |n| < || <2[n| and 1 <i < n,
d
(i1) Ai(n) = % for1 <i <n where f(tn) =t"f(n) whent >0 and n € R™\ {0},

then Es is a translation and dilation of Ey provided that both sets contain at least two
points.



Equality in Brunn-Minkowski

This relies on some ideas of Colesanti and Salani.

f(n) = (k(n))?, k is 1-homogeneous, k? is strictly convex

Set By = {n | k(n) < 1} and let h(X) = sup,cp, X - n be the
support function, it’s 1-homogeneous.

Then kVk and hVh are inverses of each other on R™ \ {0} and

FX) = h(X)% n <p<oo
logh(X) p=n

is a constant multiple of the fundamental solutions above! See
remark 6.3.



Hadamard formula, Proposition 10.1 Remark 10.2

For convex compact sets E1, Fo with 0 € Fy, (not necessarily

0€ EY)and 0 € ES, and t > 0 we have n < p < oo

d p=2 e

FOEHEY) = plp-1)CWEHEN [ haly()f (Vuta)ar
67(E1'+LE2)

hg is the support function of Es, g is the Gauss map of

F1 +tE> and v is the A-harmonic Green’s function of Eq + tFEs.

While for p = n this is

%C’(El +tEy) = %C(El + tE9) / ho(g(2)) f(Vu(z))dH™ !

O(E1+tE>2)

1
note that Brunn-Minkowski says C(E; + tE2)?»—" or
C(E + tE3) are concave.



Polyhedron, Gauss map, support function.

Gauss map: 2 red faces (right, left) and 3 blue faces (front,
bottom = F}, back) for = € Fy, g(x) = —es3, g~ (—e3) = 1.
Support function: for z € bottom face, h(g(x)) is the distance
of the face to the origin, the length of the vertical thick blue
segment.

Next Slide: Move the 3 blue faces to the origin, the solid blue
segments shrink to zero, call this E;. Make all the solid
segments the same length, call this Fs.




Polyhedron example E;, Fy and E; + tEs

— \

e F5 has five unit normals nq,...,ns all with ho(ng) = a
On the faces F;, i =1,...,5 of E1 + tF5 the integrals above for
d%C(El + tEQ) are

p(p —1)C(E; + tE») = 1a i I NAH"™ ' n<p<oo
”C’(El +tE2)Z; La fF Vu(z ))dH” 1 p=n



Hadamard capacity formula

In case 1y = Fs = Ejy and t = 0 using the homogeneity of
C((1+1t)Ep) and taking the derivative at ¢ = 0 we have for
n <p<oo

Lo = x u(z n-1
o= CET =p | o) f(Vute)in

Where h, g and u are the support, Gauss, and A-harmonic
Green’s functions for Ej.
While for p =n

y=n /  h(g(@)) f (V) dH™!
JOFEq



For a polyhedron, Hadamard capacity formula

For Fy a polyhedron with 0 € Ef, with faces Fj, with unit outer
normals ny and distance to the origin g this gives (say
k=1,...,m)forn<p< oo

m

(p_n) Til _ - n; u n—1 _ .
o CEH = [ v =3

where ¢; = sz f(Vu)dH™ ! think of this as the mass of each
face.
While for p =n

m
Y= nz q:iC;
i=1



C is Translation invariant

Translating Ey by z, then the equations above are invariant,
except that the support function of Ey+ x is h(n)+x - n so that

m m
Z gici = Z(Qi +x-n;)c
i=1 i=1
which gives, for all x,
m
Z(l’ . ni)ci =0
i=1

and therefore



The Minkowski Theorem

The function g(-, F) : OE — S"! (whenever defined) is called the Gauss map for
OE. Let p1 be a finite positive Borel measure on S"~! satisfying

(1) / [{0,0) dp(¢) >0 for all § € S",
Sn—1

(7.1) ‘
) [ cauto)=o.

We prove
Theorem B. Let i be as in (7.1) and p be fived, n < p < co. Let A= V[ be as in
(2.6) and Definition 2.1. Then there exists a compact conver set E with nonempty
interior and A-harmonic Green’s function u for R™\ E' with a pole at infinity satisfying
(7.2)
(a) 1limVu(y) = Vu(z) exists for H" *-almost every x € OF
y—ra

as y € R"\ E approaches @ non-tangentially.

(b) / F(Vu(x)) dH"™" < co.
oE

() / F(Vu(@)dH"™" = p(K)  whenever K C """ is a Borel set.
g 1(K.E)

(d) FE is the unique set up to translation for which (c¢) holds.



The Minkowski theorem in the discrete case, existence.

Let ;1 be a finite positive Borel measure on the unit sphere S*~*
with masses ¢; > 0 at distinct points n; for ¢ =1,...,m.

If (i) Y27 ¢il0-n;| > 0 for all € S* ! and (ii) >, ¢;n; =0
then there is a compact, convex, set Fy with nonempty interior
so that

W) = [ p(vaan
g~ 1K)

where g and u are the Gauss and A-harmonic Green’s functions
for Ey.

E is unique up to translation.

Generally folks assume no antipodal point masses at this point,
it rules out getting n — 1 sets in the upcoming minimization.
Later on these sets are considered in the continuous measure
case.



The minimization procedure

For ¢; > 0 let

m
E(q) = ﬂ{x | z - n; < ¢;} intersection of half spaces
=1

& ={E(q) | C(E(q)) > 1} with capacity > 1

m
Aq) = Z g;c; Hadamard capacity formula
=1
A= inf A(g) minimize it

E(q)e®
Because of condition (i) the E(g) € ® are bounded, compact,
convex sets.
There is a sequence ¢* — § so that E(¢*) — E(¢) = E1 a
convex, compact set with A = A(q)
Is B} nonempty? Do we have ¢; >0 fori=1,...,m?



Recall the examples

e Imagine the 3 blue faces moving to the origin and giving the
minimizer F; as the black 1-d segment. The ¢; for the blue
faces are all 0.

e Or imagine that the two red faces are parallel and that they
move to the origin, giving a 2-d set for the minimizer F7. The
G; for the red faces are now 0. But this is ruled out by no
antipodal masses!

e In either case, maybe C'(F;) =1 is possible!



The minimizer F; has nonempty interior p > n

For 1 < dim(E7) < n — 1, a situation illustrated here

— \

We set By = (2 {z | - n; < a} and consider Ey + tE;

It turns out that we can study a k(t) with k(0) = X and
Aq(t)) < k(t) < A for ¢t > 0 close to zero

This contradicts A being the minimum, so this situation does
not occur!



The minimizer F; has nonempty interior, p > n

Here'’s k(t) = C(By + tEy)~Y P~ S ¢i(g; + at)

taking the derivative we get a negative term involving the
derivative of the capacity which blows up as t — 0% ( hence & is
decreasing and k(t) < k(0) = X for t — 0T).

lim ho(g(z,t)) f(Vu(z,t)dH" ' = 0o
t—0t O(E1+tE>)

where g and u are the Gauss and A-harmonic Green’s functions
of Fh + tE5 and he is the support function of Fy so always > a
so we only need to show

lim f(Vu(z,t)dH" ' = 0o
t—=0, H(El +tE2)



the argument for 1 < dim(FE;) <n — 2
A schematic for Equations (11.26) to (11.29)

:E” c Rnfl
B(0,p)

notes: dS = dH" ', B(0,4a) NR! C By, |A] =", u = u(z, )

\% n-1
" Pyu(w)P T = v(A) & J](qu) ds < (/ f(Vu)dS) te
A A



finishing... 1 < dim(FE;) <n —2

Let ¢ = %. Lemma 11.2 says u(z,t) , |2”|¥ for t S |2”|,
then Harnack u(w,t) ~ u(2’,2"”,t) Z t¥ and some arithmetic
gives

101 < / F(Vu(z, £))dS

There are at least ¢~ disjoint such A giving

+1—n

t »—1 é/ f(Vu(z,t))dS
‘)(E]+tE2)

Now 1 <l<n—-2sol+1—n< -1 showing that this integral
blows up as t — 0.



For dim(FE,) =n —1

A schematic for (11.68) to (11.71), let the sidelength of
Q = Q(7) be 7, then dist(yq, ) =~ dist(yg, Q) ~ dist(Q, z) = 7.

YyQ

EicR" 1

~r.— By Lemma 11.6 __9=

Rn72

2 L

f;(s:p):sl’ﬁf,(x) T2
>0
0 =1 =1

there exists 0 %
V-A(VH)=0

— 11

u(x) > v(x) in B(0,2p) where v(x) = v(x1 — 21,22 — 22) . Then,

as above,

[ H(Tu0dS 2 o) 1P 2 o (yg)r o 2 gt
Q
or

/ f(Vuy)dS 2 =2
Q



finishing... dim(Ey) =n —1

For each large integer [ the number of cubes Q(7;) with
sidelength 2711 < 7y < 27la is at least i 2l(n=2) g5 that

f(vu+ sz Y Y 2ty

>Ny Q(’Tl)

> Z 2l(n72)f(l+1)(n72)
I>No

S IEE

>Ny



John’s Talk

What about solutions in the complement of a ray in higher
dimensions, what can you say about the homogeneity?

Answers could lead to regularity in the Minkowski problem.

That’s John’s talk, Next!



