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o Can we go beyond Lipschitz domains?
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Path-connectedness ~~
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Path-connectedness ~~
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o Path-connectedness ~» Harnack chain condition
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[Jerison-Kenig 1982] NTA/CAD domains

o Openness ~> Corkscrew condition

o Path-connectedness ~~ Harnack chain condition

No Harnack chain

B o No corkscrew
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M Martell (IGMAT)  Elliptic operators on rough domains  Hartford, April 2019 6 / 23



Introduction Characterizations of CAD Perturbation Other Ao properties
000080 000 000000 0000000

w € Ax(0) = | | RHy(0)
o QCR"™ CAD =— p>1

(][Ak”da)F SJ[AkdU= 1:((2))
Lu=01in Q

ulyq = f € L7 (0)

°© w e RHy(0) <= Solvability of (D,/) {

M Martell (IGMAT)  Elliptic operators on rough domains  Hartford, April 2019 6 / 23



Introduction Characterizations of CAD Perturbation Other Ao properties
000080 000 000000 0000000

w € Ax(0) = | | RHy(0)
o QCR"™ CAD =— p>1

(][Ak”da)F SJ[AkdU= 1:((2))
Lu=01in Q

ulyq = f € L7 (0)

°© w e RHy(0) <= Solvability of (D,/) {

o u(X)= [ f(y)dw¥(y) solves (D)

f
0

M Martell (IGMAT)  Elliptic operators on rough domains  Hartford, April 2019 6 / 23



Introduction Characterizations of CAD Perturbation Other Ao properties
000080 000 000000 0000000

w € Ax(0) = | | RHy(0)
o QCR"™ CAD =— p>1
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ulyq = f € L7 (0)

°© w e RHy(0) <= Solvability of (D,/) {

o u(X)= [ f(y)dw¥(y) solves (D)
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@ Can we consider operators with variable coefficients?
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Elliptic operators

o Lu(X)=—div(AVu)(X), X € Q
° A(X) = (ai’j(X))lgz',jgn-s—l real (symmetric)
AX)E-€ > ATHeP and [A(X)E - nl < Al¢][n]

o wy, elliptic measure

Theorem (Kenig—Pipher 01; Fefferman-Kenig-Pipher 91, Milakis-Pipher-Toro 13)

o O Cc R" CAD o §(X) := dist(X, 0Q)

o [VA|§ e L=(Q) } . e
wr, oo lO

o |[VA[?§ is a Carleson measure

® o € 4=(0) } = € As(0)
wr, o\

o A is a Carleson perturbation of Ag

o Can we go beyond CAD?
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o L =—div(AV) € Ly:
o |[VA|d € L®(Q) + |[VA|?) is a Carleson measure:

1
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0<r<diam (992) B(z,r)NQ
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Elliptic operators

o L =—div(AV) € Ly:
o |VA|é € LOO(Q) + |V AJ?) is a Carleson measure:
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o O c R*"! 1-sided CAD o Lely
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@ = @ [Kenig-Pipher] ~» Lg; [David-Jerison; Semmes] ~ Laplacian
@ — @ [Hofmann-M.-Mayboroda-Toro-Zhao] ~> L

o [Hofmann-M.-Uriarte; Azzam-Hofmann-M.-Nystrom-Toro] ~~ Laplacian
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o |VA|é € LOO(Q) + |V AJ?) is a Carleson measure:

sup // IVA(Y)|?6(Y)dY < oo
TEIN l’ T
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Theorem
o O c R*"! 1-sided CAD o Lely

@ Q CAD = Quwr € A (o)
@ = @ [Kenig-Pipher] ~» Lg; [David-Jerison; Semmes] ~ Laplacian
@ — @ [Hofmann-M.-Mayboroda-Toro-Zhao] ~> L
o [Hofmann-M.-Uriarte; Azzam-Hofmann-M.-Nystrom-Toro] ~~ Laplacian

o [Hofmann-M.-Toro] ~> |[VA|d € L™ (Q) + |VA| is a Carleson measure
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o ux) = [ fw)daF ), e Con) ~ Lu=0
29
Lu=01in Q

° (D) { ulgg=1€L(0)
INull 2oy S N fll e (o)

© (D,) solvable <= wp € RHy (o)

o Q C R™! 1-sided CAD ° Lelg
o Q CAD = o (Dp) is solvable for large p
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o Q c R*"! 1-sided CAD o Lely
°© QCAD <= owp€A,y <= © (D) solvability p>>1

o Can we consider other operators? (e.g., non-smooth coefficients)

o [Fefferman-Kenig-Pipher 1991, Milakis-Pipher-Toro 2013]
A (0) is stable under Carleson perturbation on CAD

o Goal: Develop perturbation theory on 1-sided CAD
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o (Dy) is solvability ¢ > 1
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o Good operator: Lou = —div(AgVu)

° wr, € RHp

0

o (Dy) is solvable p/

Perturbed operator: Lu = — div(AVu)

Fefferman-Kenig-Pipher ~» Lipschitz Milakis-Pipher-Toro ~~ CAD
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o Good operator: Lou = —div(AgVu)

° wr, € A = | RH, ° wr, € RH,
¢~ 0
o (D) is solvability ¢ > 1 o (Dy) is solvable p/

o Perturbed operator: Lu = — div(AVu)

o Question 1: When wy, € Ay?
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Perturbation

@ Good operator: Lou = — div(AgVu)

° wr, € Aw = | J RH, ° wr, € RH,
¢~ 0
o (Dy) is solvability ¢ > 1 o (D) is solvable p'

o Perturbed operator: Lu = —div(AVu)
@ Question 1: When wy, € A7
o Fefferman-Kenig-Pipher ~- Lipschitz @ Milakis-Pipher-Toro ~» CAD

o Question 2: When is wy, € RH,?
o Dahlberg~~ Lipschitz @ Milakis-Pipher-Toro ~» CAD
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o Disagreement between Ly and L

Ag(Z) - A(Z
p(Ag, A)Y) =  sup D AZ)
zenw, gy 99)
WLe € — wy, €
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o Disagreement between Ly and L

o M@ -A@)
pldo A)V) = zeB(Kp@) i(2)
1
Ag, A)|| = _— Ay, AN(Y)?5(Y))dY
600 D= | S e o8 m) //B(x,rmp( o Do)

WLy € wr €
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Large constant perturbation

o Disagreement between Ly and L

o M@ -a)]
p(AOaA)(Y) Ea ZEB(Y}DLZY)) 5(2)
1
Ap, A)|| = —_— Ag, A)(Y)28(Y)dY
||,0( ° )H A(EB)%@QU(A(,@,T)) //B(z,r)mﬂp( ‘ )( ) ( )

Theorem (Cavero-Hofmann-M.; Cavero-Hofmann-M.-Toro)

o O l-sided CAD o Ly, L elliptic operators o ||p(Ao, A)| < o0
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o Disagreement between Ly and L

o M@ -a)]
p(AOaA)(Y) Ea ZEB(Y}DLZY)) 5(2)
1
Ap, A)|| = —_— Ag, A)(Y)28(Y)dY
||,0( ° )H A(EB)%@QU(A(,@,T)) //B(z,r)mﬂp( ‘ )( ) ( )

Theorem (Cavero-Hofmann-M.; Cavero-Hofmann-M.-Toro)

o O l-sided CAD o Ly, L elliptic operators o ||p(Ao, A)| < o0

WL, € Aoc(0) = wr € Ax(0)
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Large constant perturbation

o Disagreement between Ly and L

o M@ -a)]
p(AOaA)(Y) Ea ZEB(Y}DLZY)) 5(2)
1
Ap, A)|| = —_— Ag, A)(Y)28(Y)dY
||,0( ° )H A(EB)%@QU(A(,@,T)) //B(z,r)mﬂp( ‘ )( ) ( )

Theorem (Cavero-Hofmann-M.; Cavero-Hofmann-M.-Toro)

o O l-sided CAD o Ly, L elliptic operators o ||p(Ao, A)| < o0
WL, € Aoc(0) = wr € Ax(0)

(Dy) solvable for p > pg — (Dy) solvable for p > qq
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o Lo=—div(AgV) € Lo: |VAg|6 € L™=(Q) 4 |[VAp|?6 Carleson meas.
o L =—div(AV) € L: ||p(Ap, A)|| < oo for some Ly € Ly

o O c R 1sided CAD o Lel
@ Q CAD — Q@ wr € Ax(0)

Q=09

o [Cavero-Hofmann-M.]: wy, € A (0) = wr, € A (0)
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Large constant perturbation and Characterization of CAD
o Ly=—div(AgV) € Ly: |VAp|d € L(Q) + |VAy|?6 Carleson meas.

o L=—div(AV) € L: ||p(Ag, A)|| < oo for some Ly € Ly

Corollary
o Q c R*"! 1-sided CAD o Lel

@ Q CAD = @ wr € Ax(0)
Q=0

o [Cavero-Hofmann-M.]: wy, € Ax(0) = wr, € Ax(0)

o [Hofmann-M.-Mayboroda-Toro-Zhao|: wr, € Ax(0) = Q@ CAD
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Large constant perturbation and Characterization of CAD
o Ly=—div(AgV) € Ly: |VAp|d € L(Q) + |VAy|?6 Carleson meas.

o L=—div(AV) € L: ||p(Ag, A)|| < oo for some Ly € Ly

Corollary
o Q c R*"! 1-sided CAD o Lel

@ Q CAD = @ wr € Ax(0)
Q=0

o [Cavero-Hofmann-M.]: wy, € Ax(0) = wr, € Ax(0)
o [Hofmann-M.-Mayboroda-Toro-Zhao|: wr, € Ax(0) = Q@ CAD

@— 09
o [Kenig-Pipher|: Q@ CAD = wp, € Ax(0)
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Large constant perturbation and Characterization of CAD
o Ly=—div(AgV) € Ly: |VAp|d € L(Q) + |VAy|?6 Carleson meas.

o L=—div(AV) € L: ||p(Ag, A)|| < oo for some Ly € Ly

Corollary
o Q c R*"! 1-sided CAD o Lel

@ Q CAD = @ wr € Ax(0)
Q=0

o [Cavero-Hofmann-M.]: wy, € Ax(0) = wr, € Ax(0)
o [Hofmann-M.-Mayboroda-Toro-Zhao|: wr, € Ax(0) = Q@ CAD

Q@ — Q
o [Kenig-Pipher|: Q@ CAD = wp, € Ax(0)
o [Milakis-Pipher-Toro]: wr, € Ax(0) = wr € Ax(0)
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o Disagreement between Ly and L

Ag(Z) - A(Z
P YY) = sup DA
zeB(v,2)) 4(2)
WLy € — wy, €
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o Disagreement between Ly and L

[40(2) — A(Z)]
Ag, A)(Y) = 12ol2) = AL2)1
P( 0 )( ) ZEBS(I;_?@) (5(Z)
1
Ao, A)|| = sup —// Ao, A)(Y)?6(Y)dY
”p( 0 )“ Ae.r)co0 U(A(.’L‘,T)) B(x,r)mﬂp( 0 )( ) ( )
Wwr, € — wy, €
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o Disagreement between Ly and L

o M@ -A@)
pldo A)V) = zeB(Kp@) i(2)
1
Ag, A)|| = _— Ay, AN(Y)?5(Y))dY
600 D= | S e o8 m) //B(x,rmp( o Do)

o Q l-sided CAD o Ly, L elliptic operators @ ||p(Ap,A)| < 1

WL, € wr €
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Small constant perturbation

o Disagreement between Ly and L

o M@ -a)]
p(AOaA)(Y) Ea ZEB(Y}DLZY)) 5(2)
1
Ap, A)|| = —_— Ag, A)(Y)28(Y)dY
||,0( ° )H A(a:s:g)%aﬂa(A(%T)) //B(z,r)mﬂp( ‘ )( ) ( )

Theorem (Cavero-Hofmann-M.)

o O l-sided CAD o Lo, L elliptic operators o |[p(Ap, A)| < 1

wr, € RHy(0) = wr, € RHy(0)

(Dy) solvable for p > q = (Dy) solvable for p > ¢
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Section 4
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o l-sided CAD ~» o = H"|,, good measure ~ wy, € Axo(0)

lo

! . 1 o 9 o 1xs
) a 1-sided CAD and sup A ,///;qg;/)(AlU“U_m dY < oo

ACON
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o l-sided CAD ~» o = H"|,, good measure ~ wy, € Axo(0)

lo
o What happens if H ”‘ o0 is a bad object?
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o l-sided CAD ~» ¢ = H"|,, good measure ~> wy, € A (o)

o What happens if H" is a bad object?

‘89

o Qa l-sided CAD and sup —— / / (Ao, A)25dY < 0o
ACIQ O (A) BNQ

(wLO € Ax(0) = wr € Aoo(a))
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Introduction Characterizations of CAD Perturbation Other A, properties
000000 000 000000 O®00000

o 1-sided CAD ~~ o = H"|, , good measure ~> wy, € Ay (o)

|BQ

o What happens if H" is a bad object?

‘89

o Qa l-sided CAD and sup —— / / (Ao, A)25dY < 0o
BNQ

acan 0(4)
(wLO € Ax(0) = wr € Aoo(a)) = wr, € Ax(wr,)

o Can we directly prove wy € Ax(wr,)?
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Motivation

o 1-sided CAD ~» o = H”|aﬂ good measure V> wy, € Ax(0)

o What happens if H" is a bad object?

P

o O a l-sided CAD and sup // p(Ag, A)?5dY < oo
BNQ

ACOQ (7
(wLO € Ax(0) = wp € Aoo(o)) = wr, € Ax(wr,)

o Can we directly prove wy, € Ao (wr,)?
° [Fefferman—Kenig—Pipher; Milakis-Pipher-Toro] ~» @ CAD

sup // p(Ag, A)? G, dY <1 = wy € RHy(wr,) C Ax(wr,)
ACON WLU BNQ
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Motivation

o 1-sided CAD ~» o = H”|aﬂ good measure V> wy, € Ax(0)

o What happens if H" is a bad object?

P

o O a l-sided CAD and sup // p(Ag, A)?5dY < oo
BNQ

ACOQ U
(wLO € Ax(0) = wp € Aoo(o)) = wr, € Ax(wr,)

o Can we directly prove wy € As(wr,)?

° [Fefferman—Kenig—Pipher; Milakis-Pipher-Toro] ~» @ CAD

sup // p(Ag, A)? G, dY <1 = wy € RHy(wr,) C Ax(wr,)
ACON WLU BNQ

This condition does not involve o!!!
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° [Fefferman—Kenig—Pipher; Milakis-Pipher-Toro] ~» Q CAD

sup // Ao, ) GLO dY <1 = wyr, € RHQ(wLO) C Ay (wLO)
ACON wLo BNQ
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Main questions

o [Fefferman-Kenig-Pipher; Milakis-Pipher-Toro] ~> Q CAD

sup // p(Ag, A2 G, dY <1 = wy, € RHy(wr,) C Aso(wr,)
acon wiy(A) ) pro

o Question 1: Do we really need 92 ADR?
® Good PDE background ~~ wr,, doubling, CFMS ...
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Main questions

o [Fefferman-Kenig-Pipher; Milakis-Pipher-Toro] ~> Q CAD

sup // p(Ag, A2 G, dY <1 = wy, € RHy(wr,) C Aso(wr,)
acon wiy(A) ) pro

o Question 1: Do we really need 92 ADR?
® Good PDE background ~~ wr,, doubling, CFMS ...

o Question 2: Large constant case?
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o O C R"™ l-sided NTA (aka uniform domain)

o Interior Corkscrew o Interior Harnack Chain
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1-sided NTA and CDC
o QO C R" l-sided NTA (aka uniform domain)
o Interior Corkscrew o Interior Harnack Chain

o Q satisfies CDC (capacity density condition, aka uniform 2-fat)

Capy(B \ 2,2 B) S
Capy(B,2B) "~

where Cap, (K, D) = inf Vol2dX : ve C®(D), v>1in K
2 I c
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o QO C R" l-sided NTA (aka uniform domain)
o Interior Corkscrew o Interior Harnack Chain

o Q satisfies CDC (capacity density condition, aka uniform 2-fat)

Capy(B \ 2,2 B) S
Capy(B,2B) "~

where Cap, (K, D) = inf Vol2dX : ve C®(D), v>1in K
2 I c

o CDC is a quantitative version of Wiener regularity
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Other Ao, properties
000000 000®000

o QO C R" l-sided NTA (aka uniform domain)

o Interior Corkscrew o Interior Harnack Chain

o Q satisfies CDC (capacity density condition, aka uniform 2-fat)

Capy(B \ 2,2 B) S
Capy(B,2B) "~

where Cap, (K, D) = inf Vol2dX : ve C®(D), v>1in K
2 c
D

o CDC is a quantitative version of Wiener regularity
o Examples:

o QO NTA = CDC ~» B’ C B\ Q C B\ Q (exterior)
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1-sided NTA and CDC
o QO C R" l-sided NTA (aka uniform domain)
o Interior Corkscrew o Interior Harnack Chain

o Q satisfies CDC (capacity density condition, aka uniform 2-fat)

Capy(B \ 2,2 B) S
Capy(B,2B) "~

where Cap, (K, D) = inf{// |Vo|2dX : v e C®(D), v>1in K}
D

o CDC is a quantitative version of Wiener regularity

o Examples:

o QO NTA = CDC ~» B’ C B\ Q C B\ Q (exterior)

o l-sided 2 CAD = CDC ~» A C BNoN C B\ Q (boundary)
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o Disagreement between Ly and L

oAy A)Y) = sup A2 = A
ZeB(Y,2%1) 5(2)
p(Aog, A) wr, < 00 — wy €
Ip(A0, Dllwy, <p1 =  wr€

M Martell (IGMAT)  Elliptic operators on rough domains  Hartford, April 2019 21 / 23



Introduction Characterizations of CAD Perturbation
000000 000

Other A, properties
000000

0000800

o Disagreement between Ly and L

Ao(Z) — A(Z
p(Ag, A)(Y) = sup %
ZeB(Y,2))) (2)
Ip(Aos A)llw,, = sup

1 // ’
wol(Az. 1) Ag, AV(Y)2 G, (Y)d
Adz,rycon Wo(A(z,T)) B(;p,r)ﬁﬂp( 0, A)(Y)* G, (Y)dY

— wr, €
— WI =

M Martell (IGMAT)  Elliptic operators on rough domains  Hartford, April 2019 21 / 23



Introduction Characterizations of CAD Perturbation Other A, properties
000000 000 000000 0000800

o Disagreement between Ly and L

[40(2) — A(2)]

p(Ag, A)(Y):=  sup 5(7)

ZeB(Y,2)))

1
Ao, A)|lw, = su —// A, A)(Y)2 G, (Y)dY
lo(4o, A 0 A(m,r)pCBQWO(A(xvr)) B(z,r)ﬁﬂp( 0, A)¥)Gro(¥)

o  l-sided NTA o Q) CDC o Lo, L elliptic operators

— wr, €
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o Disagreement between Ly and L

[40(2) — A(2)]

p(Ag, A)(Y):=  sup 5(7)

ZeB(Y,2)))

1
Ao, A)|lw, = su —// Ay, A)(Y)2 G, (Y)dY
lo(4o, A 0 A(m,r)%aﬂwO(A(xvr)) B(z,r)ﬁﬂp( 0, A)¥)Gro(¥)

o  l-sided NTA o Q) CDC o Lo, L elliptic operators

(A0, A)llwy, <00 = wr € Aco(wry)

140, Ay, <p1 = wp € RH,(wr,)
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Introduction Characterizations of CAD Perturbation

Other Ao, properties
000000 000

Perturbation
@ Disagreement between Ly and L
Ao(Z) - A(Z
p(A0, )= sup I AE
ZeB(v,2Y) (2)
oo, A, = sp s [ A A G () a
A(z,r)CON LU() (z,r)

Theorem (Akman, Hofmann, M., Toro)
o  1-sided NTA o () CDC o Lo, L elliptic operators

Hp(A07A)HwL0 <00 = wr, € AOO(WL(J)

||p(AOaA)HwLU <p 1 — wr, € RHp(wLO)

o Large constant case is new even in RT‘l, unit ball, Lipschitz ...

J.M. Martell (ICMAT) Elliptic operators on rough domains Hartford, April 2019 21 / 23



Introduction Characterizations of CAD Perturbation Other A, properties
000000 000 000000 0000080

@ Conical square function

2 1
A(p(Ag, A / /F " AO’ (Y) dY)z x €

IACp(Ao, A)) | oo (wry) < 0€ = wr €

‘A(/)(}ltw41:):)“1_\r,;'/“,> <p 1 = WL €
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@ Conical square function

2 1
A(p(Ag, A //F( ) AO’ Y) dY)2 x €

o ) 1-sided NTA o 2 CDC o Lg, L elliptic operators

— wy, €

— wy, €
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@ Conical square function

2 1
A(p(Ag, A //F( ) AO’ Y) dY)z x €

o ) 1-sided NTA o 2 CDC o Lg, L elliptic operators

[A(p(Ao, ALy <00 = wr € Aso(wro)

IA(p(A0, L@y <p1 = wr € RHp(wr,)
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Perturbation

@ Conical square function
A 3
A(p(Ag, A // °’ = 1) dy) z € 090
I'(x)

Theorem (Akman, Hofmann, M., Toro)

o  1-sided NTA o () CDC o Lo, L elliptic operators

I A(p(Ao, A))llL

o) < 00 - wr € AOC(wL(J)

HA(p(AOvA))HLOO(wLO) <<p 1 = wr € RHP(WL())

@ Small constant case in the unit ball, Lispschitz, CAD
[Fefferman; Fefferman-Kenig-Pipher; Milakis-Pipher-Toro]
J.M. Martell (ICMAT)
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Perturbation

@ Conical square function

A(p(Ao, A //F( AO’ nl)dY>§ z € 90

Theorem (Akman, Hofmann, M., Toro)

o  1-sided NTA o () CDC o Lo, L elliptic operators

I A(p(Ao, A))llL

o) < 00 - wr € AOC(wL(J)
HA(p(AOvA))HLOO(wLO) <<p 1 = wr € RHP(WL())

@ Small constant case in the unit ball, Lispschitz, CAD
[Fefferman; Fefferman-Kenig-Pipher; Milakis-Pipher-Toro]

o Large constant case is new even in RT‘l, unit ball, Lipschitz ...
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Thank you for your attention!!!

J.M. Martell (ICMAT) Elliptic operators on rough domains Hartford, April 2019 23 / 23



	Introduction
	Lipschitz domains
	NTA
	Elliptic operators

	Characterizations of CAD
	Elliptic operators

	Perturbation
	Intro-perturbation
	Large constant perturbation
	Small constant perturbation

	Other A properties
	Motivation
	Main results


