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Introduction Characterizations of CAD Perturbation Other A∞ properties

Lipschitz domains

Theorem (Dahlberg 1977)

Ω ⊂ Rn+1 Lipschitz domain =⇒


ω ∈ RH2(σ)(
−
∫

∆

k2 dσ
) 1

2

. −
∫

∆

k dσ =
w(∆)

σ(∆)

ω ∈ RH2(σ) ⇐⇒ Solvability of (D2)

{
Lu = 0 in Ω

u
∣∣
∂Ω

= f ∈ L2(σ)

u(X) =

∫
∂Ω
f(y) dωX(y) solves (D2)

Can we go beyond Lipschitz domains?

ω ∈ A∞(σ) =
⋃
p>1

RHp(σ) (Dq) solvable for some q (large)
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Harmonic measure

Ω ⊂ Rn+1, n ≥ 2, open

Harmonic measure {ωX}X∈Ω family of “probabilities” on ∂Ω

u(X) =

∫
∂Ω
f(x) dωX(x) solves (D)

{
Lu = 0 in Ω

u
∣∣
∂Ω

“ = ”f ∈ Cc(∂Ω)

r

B

∆
F
ω
X

(F )

X

∂Ω

Ω
Surface ball

∆(x, r) = B(x, r) ∩ ∂Ω, x ∈ ∂Ω

σ = Hn
∣∣
∂Ω

∂Ω ADR σ(∆(x, r)) ≈ rn, x ∈ ∂Ω
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Introduction Characterizations of CAD Perturbation Other A∞ properties

[Jerison-Kenig 1982] NTA/CAD domains

Openness Corkscrew condition

Path-connectedness Harnack chain condition

r B
∆

cr
X∆

∂Ω

Ω

No corkscrew

No Harnack chain

Ω is CAD ≡


Interior Corkscrew and Harnack Chain

Exterior Corkscrew

∂Ω ADR

Ω is 1-sided CAD ≡
{

Interior Corkscrew and Harnack Chain

∂Ω ADR
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NTA/CAD domains

Theorem (David-Jerison 1990; Semmes 1989)

Ω ⊂ Rn+1 CAD =⇒


ω ∈ A∞(σ) =

⋃
p>1

RHp(σ)

(
−
∫

∆

kp dσ
) 1
p

. −
∫

∆

k dσ =
w(∆)

σ(∆)

ω ∈ RHp(σ) ⇐⇒ Solvability of (Dp′)

{
Lu = 0 in Ω

u
∣∣
∂Ω

= f ∈ Lp′(σ)

u(X) =

∫
∂Ω
f(y) dωX(y) solves (Dp′)

Can we consider operators with variable coefficients?
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Elliptic operators

Lu(X) = −div(A∇u)(X), X ∈ Ω

A(X) =
(
ai,j(X)

)
1≤i,j≤n+1

real (symmetric)

A(X)ξ · ξ ≥ Λ−1|ξ|2 and |A(X)ξ · η| ≤ Λ|ξ| |η|
ωL elliptic measure

Theorem (Kenig-Pipher 01; Fefferman-Kenig-Pipher 91, Milakis-Pipher-Toro 13)

Ω ⊂ Rn+1 CAD δ(X) := dist(X, ∂Ω)

|∇A| δ ∈ L∞(Ω)

|∇A|2 δ is a Carleson measure

}
=⇒ ωL ∈ A∞(σ)

ωL0
∈ A∞(σ)

A is a Carleson perturbation of A0

}
=⇒ ωL ∈ A∞(σ)

Can we go beyond CAD?
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Section 2

Characterizations of CAD
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Elliptic operators

L = −div(A∇) ∈ L0:

|∇A| δ ∈ L∞(Ω) + |∇A|2δ is a Carleson measure:

sup
x∈∂Ω

0<r<diam (∂Ω)

1

σ(∆(x, r))

∫∫
B(x,r)∩Ω

|∇A(Y )|2δ(Y ) dY <∞

Theorem

Ω ⊂ Rn+1 1-sided CAD L ∈ L0

1 Ω CAD ⇐⇒ 2 ωL ∈ A∞(σ)

1 =⇒ 2 [Kenig-Pipher] L0; [David-Jerison; Semmes] Laplacian

2 =⇒ 1 [Hofmann-M.-Mayboroda-Toro-Zhao] L0

[Hofmann-M.-Uriarte; Azzam-Hofmann-M.-Nyström-Toro] Laplacian

[Hofmann-M.-Toro] |∇A| δ ∈ L∞(Ω) + |∇A| is a Carleson measure
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Elliptic operators

u(X) =

∫
∂Ω
f(y) dωXL (y), f ∈ Cc(∂Ω)  Lu = 0

(Dp)


Lu = 0 in Ω

u
∣∣
∂Ω

= f ∈ Lp(σ)

‖Nu‖Lp(σ) . ‖f‖Lp(σ)

(Dp) solvable ⇐⇒ ωL ∈ RHp′(σ)

Theorem

Ω ⊂ Rn+1 1-sided CAD L ∈ L0

Ω CAD ⇐⇒ (Dp) is solvable for large p
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Section 3

Perturbation
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Motivation

Theorem

Ω ⊂ Rn+1 1-sided CAD L ∈ L0

Ω CAD ⇐⇒ ωL ∈ A∞ ⇐⇒ (Dp) solvability p� 1

Can we consider other operators? (e.g., non-smooth coefficients)

[Fefferman-Kenig-Pipher 1991, Milakis-Pipher-Toro 2013]

A∞(σ) is stable under Carleson perturbation on CAD

Goal: Develop perturbation theory on 1-sided CAD
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Perturbation

Good operator: L0u = −div(A0∇u)

ωL0 ∈ A∞ =
⋃
q>1

RHq ωL0 ∈ RHp

m m
(Dq) is solvability q � 1 (Dp′) is solvable p′

Perturbed operator: Lu = −div(A∇u)

Question 1: When ωL ∈ A∞?

Fefferman-Kenig-Pipher Lipschitz Milakis-Pipher-Toro CAD

Question 2: When is ωL ∈ RHp?

Dahlberg Lipschitz Milakis-Pipher-Toro CAD
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Large constant perturbation

Disagreement between L0 and L

ρ(A0, A)(Y ) := sup
Z∈B(Y,

δ(Y )
2 )

|A0(Z)−A(Z)|
δ(Z)

‖ρ(A0, A)‖ = sup
∆(x,r)⊂∂Ω

1

σ(∆(x, r))

∫∫
B(x,r)∩Ω

ρ(A0, A)(Y )2 δ(Y ) dY

Theorem (Cavero-Hofmann-M.; Cavero-Hofmann-M.-Toro)

Ω 1-sided CAD L0, L elliptic operators ‖ρ(A0, A)‖ <∞

ωL0 ∈ A∞(σ) =⇒ ωL ∈ A∞(σ)

(Dp) solvable for p > p0 =⇒ (Dp) solvable for p > q0
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Large constant perturbation and Characterization of CAD

L0 = −div(A0∇) ∈ L0: |∇A0| δ ∈ L∞(Ω) + |∇A0|2δ Carleson meas.

L = −div(A∇) ∈ L: ‖ρ(A0, A)‖ <∞ for some L0 ∈ L0

Corollary

Ω ⊂ Rn+1 1-sided CAD L ∈ L
1 Ω CAD ⇐⇒ 2 ωL ∈ A∞(σ)

2 =⇒ 1

[Cavero-Hofmann-M.]: ωL ∈ A∞(σ) =⇒ ωL0 ∈ A∞(σ)

[Hofmann-M.-Mayboroda-Toro-Zhao]: ωL0 ∈ A∞(σ) =⇒ Ω CAD

1 =⇒ 2

[Kenig-Pipher]: Ω CAD =⇒ ωL0 ∈ A∞(σ)

[Milakis-Pipher-Toro]: ωL0 ∈ A∞(σ) =⇒ ωL ∈ A∞(σ)
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Small constant perturbation

Disagreement between L0 and L

ρ(A0, A)(Y ) := sup
Z∈B(Y,

δ(Y )
2 )

|A0(Z)−A(Z)|
δ(Z)

‖ρ(A0, A)‖ = sup
∆(x,r)⊂∂Ω

1

σ(∆(x, r))

∫∫
B(x,r)∩Ω

ρ(A0, A)(Y )2 δ(Y ) dY

Theorem (Cavero-Hofmann-M.)

Ω 1-sided CAD L0, L elliptic operators ‖ρ(A0, A)‖ � 1

ωL0 ∈ RHq(σ) =⇒ ωL ∈ RHq(σ)

(Dp) solvable for p ≥ q′ =⇒ (Dp) solvable for p ≥ q′
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Section 4

Other A∞ properties
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Introduction Characterizations of CAD Perturbation Other A∞ properties

Motivation

1-sided CAD σ = Hn
∣∣
∂Ω

good measure ωL ∈ A∞(σ)

What happens if Hn
∣∣
∂Ω

is a bad object?

Ω a 1-sided CAD and sup
∆⊂∂Ω

1

σ(∆)

∫∫
B∩Ω

ρ(A0, A)2 δ dY <∞

(
ωL0 ∈ A∞(σ) =⇒ ωL ∈ A∞(σ)

)
=⇒ ωL ∈ A∞(ωL0)

Can we directly prove ωL ∈ A∞(ωL0)?

[Fefferman-Kenig-Pipher; Milakis-Pipher-Toro] Ω CAD

sup
∆⊂∂Ω

1

ωL0
(∆)

∫∫
B∩Ω

ρ(A0, A)2GL0
dY � 1 =⇒ ωL ∈ RH2(ωL0

) ⊂ A∞(ωL0
)

This condition does not involve σ!!!
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Introduction Characterizations of CAD Perturbation Other A∞ properties

Main questions

[Fefferman-Kenig-Pipher; Milakis-Pipher-Toro] Ω CAD

sup
∆⊂∂Ω

1

ωL0(∆)

∫∫
B∩Ω

ρ(A0, A)2GL0 dY � 1 =⇒ ωL ∈ RH2(ωL0) ⊂ A∞(ωL0)

Question 1: Do we really need ∂Ω ADR?

Good PDE background ωL0 doubling, CFMS . . .

Question 2: Large constant case?

J.M. Martell (ICMAT) Elliptic operators on rough domains Hartford, April 2019 19 / 23
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Introduction Characterizations of CAD Perturbation Other A∞ properties

1-sided NTA and CDC

Ω ⊂ Rn+1 1-sided NTA (aka uniform domain)

Interior Corkscrew Interior Harnack Chain

Ω satisfies CDC (capacity density condition, aka uniform 2-fat)

Cap2(B \ Ω, 2B)

Cap2(B, 2B)
& 1

where Cap2(K,D) = inf
{∫∫

D

|∇v|2 dX : v ∈ C∞c (D), v ≥ 1 in K
}

CDC is a quantitative version of Wiener regularity

Examples:

Ω NTA =⇒ CDC B′ ⊂ B \ Ω ⊂ B \ Ω (exterior)

1-sided Ω CAD =⇒ CDC ∆ ⊂ B ∩ ∂Ω ⊂ B \ Ω (boundary)
J.M. Martell (ICMAT) Elliptic operators on rough domains Hartford, April 2019 20 / 23



Introduction Characterizations of CAD Perturbation Other A∞ properties

1-sided NTA and CDC

Ω ⊂ Rn+1 1-sided NTA (aka uniform domain)

Interior Corkscrew Interior Harnack Chain

Ω satisfies CDC (capacity density condition, aka uniform 2-fat)

Cap2(B \ Ω, 2B)

Cap2(B, 2B)
& 1

where Cap2(K,D) = inf
{∫∫

D

|∇v|2 dX : v ∈ C∞c (D), v ≥ 1 in K
}

CDC is a quantitative version of Wiener regularity

Examples:

Ω NTA =⇒ CDC B′ ⊂ B \ Ω ⊂ B \ Ω (exterior)

1-sided Ω CAD =⇒ CDC ∆ ⊂ B ∩ ∂Ω ⊂ B \ Ω (boundary)
J.M. Martell (ICMAT) Elliptic operators on rough domains Hartford, April 2019 20 / 23



Introduction Characterizations of CAD Perturbation Other A∞ properties

1-sided NTA and CDC

Ω ⊂ Rn+1 1-sided NTA (aka uniform domain)

Interior Corkscrew Interior Harnack Chain

Ω satisfies CDC (capacity density condition, aka uniform 2-fat)

Cap2(B \ Ω, 2B)

Cap2(B, 2B)
& 1

where Cap2(K,D) = inf
{∫∫

D

|∇v|2 dX : v ∈ C∞c (D), v ≥ 1 in K
}

CDC is a quantitative version of Wiener regularity

Examples:

Ω NTA =⇒ CDC B′ ⊂ B \ Ω ⊂ B \ Ω (exterior)

1-sided Ω CAD =⇒ CDC ∆ ⊂ B ∩ ∂Ω ⊂ B \ Ω (boundary)
J.M. Martell (ICMAT) Elliptic operators on rough domains Hartford, April 2019 20 / 23



Introduction Characterizations of CAD Perturbation Other A∞ properties

1-sided NTA and CDC

Ω ⊂ Rn+1 1-sided NTA (aka uniform domain)

Interior Corkscrew Interior Harnack Chain

Ω satisfies CDC (capacity density condition, aka uniform 2-fat)

Cap2(B \ Ω, 2B)

Cap2(B, 2B)
& 1

where Cap2(K,D) = inf
{∫∫

D

|∇v|2 dX : v ∈ C∞c (D), v ≥ 1 in K
}

CDC is a quantitative version of Wiener regularity

Examples:

Ω NTA =⇒ CDC B′ ⊂ B \ Ω ⊂ B \ Ω (exterior)

1-sided Ω CAD =⇒ CDC ∆ ⊂ B ∩ ∂Ω ⊂ B \ Ω (boundary)
J.M. Martell (ICMAT) Elliptic operators on rough domains Hartford, April 2019 20 / 23



Introduction Characterizations of CAD Perturbation Other A∞ properties

1-sided NTA and CDC

Ω ⊂ Rn+1 1-sided NTA (aka uniform domain)

Interior Corkscrew Interior Harnack Chain

Ω satisfies CDC (capacity density condition, aka uniform 2-fat)

Cap2(B \ Ω, 2B)

Cap2(B, 2B)
& 1

where Cap2(K,D) = inf
{∫∫

D

|∇v|2 dX : v ∈ C∞c (D), v ≥ 1 in K
}

CDC is a quantitative version of Wiener regularity

Examples:

Ω NTA =⇒ CDC B′ ⊂ B \ Ω ⊂ B \ Ω (exterior)

1-sided Ω CAD =⇒ CDC ∆ ⊂ B ∩ ∂Ω ⊂ B \ Ω (boundary)
J.M. Martell (ICMAT) Elliptic operators on rough domains Hartford, April 2019 20 / 23



Introduction Characterizations of CAD Perturbation Other A∞ properties

Perturbation

Disagreement between L0 and L

ρ(A0, A)(Y ) := sup
Z∈B(Y,

δ(Y )
2 )

|A0(Z)−A(Z)|
δ(Z)

‖ρ(A0, A)‖ωL0
= sup

∆(x,r)⊂∂Ω

1

ω0(∆(x, r))

∫∫
B(x,r)∩Ω

ρ(A0, A)(Y )2GL0
(Y ) dY

Theorem (Akman, Hofmann, M., Toro)

Ω 1-sided NTA Ω CDC L0, L elliptic operators

‖ρ(A0, A)‖ωL0
<∞ =⇒ ωL ∈ A∞(ωL0)

‖ρ(A0, A)‖ωL0
�p 1 =⇒ ωL ∈ RHp(ωL0)

Large constant case is new even in Rn+1
+ , unit ball, Lipschitz . . .
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Perturbation

Conical square function

A(ρ(A0, A))(x) :=
(∫∫

Γ(x)

ρ(A0, A)(Y )2

δ(Y )n−1
dY
) 1

2

, x ∈ ∂Ω

Theorem (Akman, Hofmann, M., Toro)

Ω 1-sided NTA Ω CDC L0, L elliptic operators

‖A(ρ(A0, A))‖L∞(ωL0
) <∞ =⇒ ωL ∈ A∞(ωL0)

‖A(ρ(A0, A))‖L∞(ωL0
) �p 1 =⇒ ωL ∈ RHp(ωL0)

Small constant case in the unit ball, Lispschitz, CAD

[Fefferman; Fefferman-Kenig-Pipher; Milakis-Pipher-Toro]

Large constant case is new even in Rn+1
+ , unit ball, Lipschitz . . .
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Thank you for your attention!!!
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