UCONN

UNIVERSITY OF CONNECTICUT

Fall 2018 - Math 2410 Name (Print):
Exam 3 - December 6
Time Limit: 75 Minutes

This exam contains 10 pages (including this cover page) and 7 problems. Check to see if any pages
are missing. Enter all requested information on the top of this page, and put your initials on the
top of every page, in case the pages become separated.

You may not use your books, notes, or any calculator on this exam.

You are required to show your work on each problem on this exam. The following rules apply:

e If you use a “fundamental theorem” you )
must indicate this and explain why the theorem Problem | Points | Score
may be applied. ) 20

e Organize your work, in a reasonably neat and
coherent way, in the space provided. Work scat- 2 16
tered all over the page without a clear ordering
will receive very little credit. 3 18

e Mysterious or unsupported answers will not 4 18
receive full credit. A correct answer, unsup-
ported by calculations, explanation, or algebraic 5 18
work will receive no credit; an incorrect answer
supported by substantially correct calculations and 6 0
explanations might still receive partial credit.

e If you need more space, use the back of the pages; 7 0
clearly indicate when you have done this.

Total: 100

Do not write in the table to the right.
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1. (a)

(8 points) Find L{f(t)} where

ft) =

et when 0<t<5,
—1 whent>5

Solution: One way to find this is using the definition of Laplace transform we get

o) 5 o]
LLF(0) = /0 = (1)t = / ¢St F(#)dt + / ¢S F ()t

0 5

5 00
:/ e_Ste_tdzH—/ e St (=1)dt
0 5

5 %)
_ / 6_(S+1)tdt _ / e—stdt
0 5

Lo (snyge=s , L -
T (s+D8=3 + 5¢ *1Es
_ b sy b L s

s+1 s+1 s

(6 points) Find L£{3t? + e?sin(2t)}.

Solution: Using linearity of the Laplace transformation we get

L{3t* + sin(2t)} = 3L{t*} + 2L {sin(2t)}
2! 2¢?

B
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(c) (8 points) Find the integral

[ee]
/ e~ (5T cos(2t)dt (assuming s > 0).
0

Solution: Now if we look carefully the integrand can be separated as

/ e_(s+4)tcos(2t)dt:/ e Ste4 cos(2t)dt
0 0

= L{e " cos(2t)}
= £{cos(2)}ssr4
s
s?2+4
_ s+4
S (s+4)2+4

|s%s+4

(d) (8 points) Find £{(16 — t*)U(t — 4)} where U(t —a) = {

0, 0<t<a,
1, t>a.

Solution:

F(s) = L£{(16 — t)U(t — 4)}
= L{(16 — ((t —4) + DUt — 4)}
= e 15 L{16 — (t +4)%}
= e 4L£{16 — 16 — 8t — 1}
= e L{-8t — %}
6745 26743

— 8- _
52 53
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2. (a) (8 points) Given
35 —3

F =
(5) s2 +2s+ 10

Find L7 F(s)}.

Solution: Since

3s —3 o 3s—=3 s+1 B
s24+2s+10 (s+1)24+9 " (s+1)2+9 (s+1)2+9

we get
_ _ s+1 6
LHPE)} =L 1{3(3+1)2+9_(s+1)2+9}
_ s+ 1 _ 3

= 3e " cos(3t) — 2¢ " sin(3t).

(b) (8 points) Given

4e™*
Gls) st +4s%
Find £~HG(s)}.
Solution:
4e™? 4
-1 — p-ly,—s
£ {34—1—452} £ e 52(32+4)}
1 1 1
_ p—ly —s( > —pr-ly,—s - _ p-1ly5,-s
=L e (52 52+4)} £ e 82} £ e 52+4}

1.
= t|t~>t—1u(t - 1) + 5 Sln(Qt)‘tﬁ»tflu(t - 1)

=(t—-DUt-1)+ %sin(?t —2)U(t—1)




Math 2410 Exam 3 - Page 5 of 10 December 6

3. Suppose that L{f(t)} = F(s) = 52121 for some function f(t) with given that f(0) =1, f'(0) =
—6, and f”(0) = 1.

(a) (4 points) Find L{tf(t)}.

Solution: Since
Llufe) = ()P =~ RS S8
(b) (3 points) Find £{f"(£))}.
Solution: Since
LOPI)} = £F(5) = 550) — F10) = 250 s 46
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(c) (5 points) Let £{g(t)} = =FL. Find f *g.
(Hint: you may not need to use the integral definition of convolution).

Solution: Since

3s2 35+1_§

L{f + g} = LLF(0) 1 L{9(1)} =

oS4l B3 s

Hence 3
frg= 5_1{;} =3

(d) (6 points) (Recall that L{f(t)} = F(s) = Séfl for some function f(¢) with given that

£(0) =1, f/(0) = —6, and f"(0) = 1).
Let g(t) = L’*l{e*“%}. Find ¢(6).

Solution: Since

s = e 2
B s +1
we get
-1y _—6s 332
gt) =L {e " =7} =U{t - 6)f(t - 6).
Hence
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4. (18 points) Using Laplace transform method solve the following DE

y'(t) + 3/0 y(t — 1) cos(t)dr =0 with y(0) = 1.

Solution: If we take the Laplace transform of both sides and use linearity we get

L{y (t) + 3/0 y(t — 1) cos(T)dr} = L{0}
from which we get .
L0/ (1)} +3£{ | 9lt =) cos(r)ir} =0

Let Y(s) = L{y(t)}. Then using the derivative formula we get

t
sY (s) —y(0) + 3£{/ y(t — 1) cos(r)dr} = 0.
0
Now notice that .
/ y(t — 1) cos(7)dr = y(t) * cos(t)
0
and therefore

sY (s)
241

E{/O y(t — 1) cos(T)dr} = L{y(t) * cos(t)} = L{y(t)} L{cos(t)} =

Hence we get
sY (s)

SY(S)_1+332+1 =

0.

Now if we solve for Y'(s) we get (and we do partial fractional decomposition)

Y(s) s+ 1 A, BstC
§)= 5 =—+——.
s3+4s s s24+4
If we solve for A, B, and C we get A =1/4, B=3/4, and C = 0. Hence

1 3s

YO = LTt

Now we take the inverse Laplace transform to get

o) = LY = L7 4 )

(s +4)

1 3
= -+ - 2t).
4+4cos( t)
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5. (18 points) Using Laplace transform method solve the following DE

y' + 4y +4y =2te”® with y(0)=1 and y'(0)=—2.

Solution: Take the Laplace transform of both sides to get
Ly + 4y + 4y} = £{2te”™'}

Using linearity and derivative formulas we get

2
(s +2)%

L{y"Y +AL{y'} + AL{y} = 2L{te™ %} =

We let Y(s) = L{y(t)} and use derivative formulas we have

52V (s) — sy(0) — 4/ (0) 4+ 4sY (s) — 4y(0) +4Y (s) = (s +2)2

We then solve for Y (s) to get

Then

W) = LY ) = £ g + )

2

—2t 3 —2t

=e + —t’e “.
6
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6. LRC-Series Circuits. The charge on the capacitor is related to the current i(t) by ¢ = dg/dt
which satisfies

d? d 1
=4 p

Sg=E{).
gz TRy T ei=P

Let L =5h, R =20, C = 5 f, E(t) =4V, ¢(0) =0C, i(0) = 5A.
(a) (5 points (bonus)) Find the charge ¢(t).

Solution: Now the equation becomes
5¢" +20q" + 20q = 4.

Hence we need to solve the DE. We can use Laplace transform or other methods. We
can find first the characteristic equation and then the roots

572 4+20r+20=0 or r = —2 double root.
Hence the complementary solution is
q(t) = cre™? + cote™t,

Particular solution is ¢,(t) = 4/20 = 1/5. Hence

1
q(t) = cre 2 + cote ™t + =

Since ¢(0) = 0 we get ¢ = —1/5 and ¢’(0) = i(0) = 5 we get

2
q(0) = sTe =5 ie c3=3.

Hence ] 93 1
q(t) 56 + 3 e '+ 5
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7. (18 points (bonus)) Solve the following IVP

y' 2ty —dy=1 with y(0)=0=y(0).

Solution: Let Y(s) = L{y(t)}. Take the Laplace transform
1
o

L{y"} +2L{ty'} — 4L{y} = L{1} =
and get

ds
We then get a first order

2V (s) — 2V (5) — 25Y(s) — 4V (s) = +.

Then

s”Y (s) — sy(0) — y/(0) + 2(—1)1(51/(5) —y(0)) —4Y(s) = :

s
After combining terms we get
25 () + (8~ O (s) =+ o ¥(5)+ T —
—2sY'(s s — s)=—- or s = —.
s 2s 252
From this we find integrating factor p where
6 s2 s2
,u(t) _ ef(—s-i—Q—s)ds _ 6—7—&-31115 — e T,
Hence
d 32 52 1 32
%[836—7}/(8)] =5 _T@ = —se 4
Therefore,
32 52 52
3" TY (s) = —/se4ds =e 1 +c.
Hence .
e~ T c 1 c
Y(S): 2 + 2 :73"_ 2"
s3e” T  gde1 5 B¢ T
Remember that Y (s) — 0 as s — co. Then we should have ¢ = 0. Hence

S




