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THE EQUATION

Second order non-linear Differential Equation

Models springs or any form of oscillators that don’t follow Hooke’s
Law

Used to model damped, driven, and non-linear oscillators and
springs

Popular uses for Chaos Research



LINEAR VERSUS NON-LINEAR
SPRINGS?

Linear Non-linear/Progressive

Linear Restoring Force Non-linear Restoring Force

Hooke’s Law
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B R EAK DOW N O F By Terms and Variables
EQUATION




THE EQUATION (BY TERMS)

If is the displacement of a spring in respect to time
Dampened Harmonic

Acceleration Oscillator
Velocity
Displacement Non-linear Restoring

Force

Driving Force



THE EQUATION (BY VARIABLES)

Where the coefficients and variables are:
Amount of dampening
Linear Stiffness (k in Hooke’s Law)
Non-linear stiffness
Amplitude of driving force

Frequency of driving force
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APPLICATIONS AND
SOLUTIONS
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WHAT DOES THIS
MEAN?

rigid frame
ax + fx3
Actions of the Beam: sinusoidal
Beam is moving to the left EDiORG povce
) . ycos(mt) beam
Beam is decelerating - . 4
X
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>
I
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magnets
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VISUALIZING THE SOLUTION

Using graphs
Displacement as a function of time
Velocity as a function of displacement



EXAMPLE SOLUTION
GRAPHS

x" 4+ 6x' 4+ ax + fx> = ycos(wt)

x" 4+ x = cos(t)

” Solution:
x x' Simple, Harmonic
/| '

No non-linear, no
' . dampening




EXAMPLE SOLUTION
GRAPHS

x" 4+ 6x' 4+ ax + fx> = ycos(wt)

x"+ x"+ x = cos(?)

f VANAAN .
' Solution:
) ) O Simple, Harmonic
U\  V U /| No non-linear

! X




EXAMPLE SOLUTION

(P ADPHKC

y=1
|f:

Y = variable

O=a0=Pf=w=1
x’(0) = 1

y = 100

SEE
380
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H I S TO RY Applications and the Inventor




" APPLICATIONS

Springs
Oscillators

Chaotic Systems

potential energy

-« Stable
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GEORG
DUFFING

1878-1883 Polytechnic
Karlsruhe in Mechanical
Engineering

1910 Patents in US

1913 Attended Max Plank’s
Lectures in Berlin

1918 Published Duffing
Equation

1929 Worked for Ossag (Shell)

1944 Leaves Berlin due to Air-

raids and passes away in the
countryside
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