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1. Consider the following differential equation
y"—y=0 with y(0)=2and y'(0) =0.

(a) (3 points) Classify all points as ordinary, regular singular, or irregular singular points. :
Since all coefficients are 1, they are all smooth. Therefore, all points are ordinary points.

(b) (7 points) You are going to find a power series solution around xo = 0. As a first step,
using power series method, find the recurrence relation. Show your work!

Lety(x) = Zo a,x". Using the DE and initial values we will find a,,. Since y(0) = 2 then
-

we have 4 — 2 and since y'(0) = 0 we also have a; = 0. We need to find all remaining
a,’s. To this end, we need to find y” (x);

oo
n(n—1)a,x" 2
n=2

Using this in the DE we have

(e ) (e @)
= Z n—1)a,x Z apx"
. n=2 =0

=Y k(k—1)ax*~ Zak Kk
k=2

o

=) [k(k—1)a, — ag_p]xk2.
k=2

Note that y(0) = 2 hence y(0) = ap = 2. Also, y'(0) = 0 = a;. We have the recurrence
relation

k(k—l)ak—ﬂk,z k:2,3,....

Or, equivalently, the recurrence relation we are looking for is

_ k=234
%= kk—1)
ap ap 2
for k =2 - 2
or S SV B TR Y
aq aq
f = = = — =
ork=3, a3 32 = 3l 0
o az  dp E
fork=4 o= ==~
fork =5, as5= 1 _ﬂ1_0

5x4 51
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(c) (6 points) Using part (b) find the power series solution to the above differential equation.
(Hint: combine even and odd terms).

we have realized from part (b) that

2 a
A2n = (27’1)' and Aop—1 =

[

Now

o0 o0 (o)
y(x) = Z a,x" = even terms + odd terms = Z Ay X2 + Z IRE
n=0 n=0 n=1
> 2

_ 2n
= (Zn)!x ’

(d) (4 points) Using part (c) and directly solving the DE by finding the characteristic equa-
tion, show that

ex_{_efx 0 x2n

2 :,1;0(2;1)!'

Since the DE equation has characteristic 7> — 1 = 0 which has roots r = +1. Therefore the
general solution is

y(x) = coe* +cre".

Using the initial conditions one can observe that cp = ¢; = 1. Hence y(x) = e* + e *.
Using part (c) we have

21 X e ¥ © oy
et e =2 or = :
n;) (2n)! 2 n;) (2n)!
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2. Consider the following differential equation
Y A+ 1Y +xy = 0.

(@) (9 points) Use the second method to find first four terms of the power series solution
y(x) = ¥ a,x" around xo = 0 with the initial conditions y(0) = 0 and y'(0) = 1.
n=0
Note that y(x) has Taylor series expansion around xo = 0. Hence,

(o)
x" = Z a,x"
n=0

To find ag, a1, a2, a3 we need to find y(0) = ao,y'(0) = a1,y"(0) = 2a,,y""(0) = 6a3. As
y(0) =0 =apand y'(0) = 1 = a1. We next find y”(0) by using the DE.

=y v
y(x) Z:%) !

n

y"(0) + 4(y*(0) + 1)y (0) + 0y(0) = 0.

We get y”/(0) = —4. From this we get a; = —2. We next find y"’(0) and to do this we first
need to do implicit differentiation in the DE;

v +4(  + 1)y +8yy'y +y+xy =0.
We then evaluate this at x = 0;
y"(0) +4(y*(0) + 1)y" (0) +8y(0)y'(0)y'(0) + y(0) + 0y’ (0)
and get "’ (0) = 16. Hence a3 = 16/6

ap=20 m =1 a = —2 az = 16/6.
(b) (3 points) Using your above work, write the first four terms of the solution y(x)

1
y(x)= 0 + x — 2x* + Z6x3 +...
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3. (12 points) Classify all the points as ordinary point, regular singular point, or irregular singu-
lar point for the following differential equation

(x+1)%" + (x+ 1)y +4(x +1)y =0,
Solution: If we rewrite the DE we get

(x+1) , 4(x+1)
G T arpy =l

y// +

Hence P(x) = 8111))3 and Q(x) = %}(:Sc), From this we observe that P(x) and Q(x) are analytic

at every point except at x = —1. Hence all points are ordinary points except x = —1 and
x = —1is a singular point.

To classify x = —1 we need to check if it is regular singular or irregular singular point. To this
end, we need to check

= does not exist.

Jlim (x+1)P(x) = lim (x+1) ((;C:_F 1))3

Hence x = —1 is a irregular singular point.
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4. Consider the following differential equation

1
2y 4 xy + (- Z)y =0.
(a) (6 points) Find the indicial equation corresponding to the regular singular point xy = 0.
(Do not try to solve the differential equation). Solution: Since we just want to find indicial
equation we can test it with ¢(x) = x" and then we collect the terms with lowest power

of x.
1 1
Pr(r—1)x 2 4 xra’ 4 %2 — ler =r(r—1)x" +rx + 22 - ZLxr.
Hence the lowest power of x is r and the coefficient is r(r — 1) +r — le = is the indicial
equation;
1
2
——=0.
"7 g

(b) (6 points) Write the general form of the solution(s).

Solution: Since the indicial equation has roots ¥ = +1/2and r; = 1/2, 1, = —1/2 we
have r{ — r, = 1 which is integer. By the Method of Frobenious we have

o0 [e}e]
yi(x) =x" Y ax" =) a,x"2
n=0 n=0

and
ya(x) = x™ Z byx" + Cln |x|yp(x) = Z bnx”’% + Cln|x|y1(x).
n=0 n=0
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5. Consider the function f(x) = x? on (—7t, ) and f(x +27) = f(x).
(a) (3 points) What is the period 2L of f(x)?
Solution: 2L = 27t is the period of f. For later use L = 7.

(b) (3 points) Is f(x) an odd or even function? Show your work.

Solution: Since f(x) = x> = f(—x), f is an even function.

(c) (5 points) Find the sine terms of the Fourier series of f(x). Solution: Since f is even
function all sine terms are zero. Hence

b, =0foralln=1,2,....

(d) (5 points) Find the cosine terms (including ao) of the Fourier series of f(x).
Solution: We first find ag;

1 /= 1 /7 1 _ 2
a():;/nf(x)dx:;/nxzdx:;x3/3§;3n:§7r2.

Next

nx 4(—-1)"

_ 1o _
Jdx = ;.[nx cos(nx)dx = "

a, = 7%[/Zf(x) cos(

7T
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(e) (4 points) Write the Fourier series F(x) of the function f(x).

Solution: Hence we get

cos(nx)

F(x) = EOJr):ancos nx +Zb sin(nx) 77'[ Jr):

=1 n=1

(f) (4 points) Using Fourier series convergence theorem, check the points where F(x) and
f(x) agree and do not agree.
Solution: Since f(x) is continuous on (—7t, 7r) we have F(x)
x = —71, f is not defined however, F(x) = 71> at those points.

= f(x). Atx = m and

6. (10 points (bonus)) Use part (e) in Question 5 and verify that

00 (_1)n+1 nz

Solution: Since F(x) = f(x) at x = 0, we have

Hence
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