UCONN - Math 3410 - Fall ZOgWBSOIution to Graded Problems of

Question 1 (Question 1, 5 Points) Find a power series solution y(x) around the point
xg = 0 to the differential equation y" +y = 0. Verify that the power series solution you found
has the form y(z) = ag cos(z) + ay sin(x).

Solution: Let y(z) = ) a,x™. Since p(x) = 1 = ¢(x) are both analytic at g = 0 then the
n=0

solution will be analytic at xy = 0 with radius of convergence co. Find y” to get

0=19"+y= Z n(n — 1)anx”_2 + Z anx"
n=2 n=0
= Z(n +2)(n + 1)apoz™ + Z apx"”
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Therefore, the corresponding recurrence relation is (n + 2)(n + 1)a,42 + a, = 0 for every
n > 0. Now, consider the even terms first;
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Similarly, odd terms are
ag = ——
3 32 )
—a aq
aAr — —— —
7 54 5432
—das —a
ar = =
"7 76 765432
a
Aop+1 = (_1)n(2n——|1—1)| for n = 1, 2, N

Now the solution y(z) can be written as even terms plus the odd terms
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y(@) =Y apa" = ana™ + ) agpz®
n=0 k=0 k=0



Hence

y(z) = Z agr®t + Z a2k+1$2k+1
k=0 k=0
- k aO 2k - 2k+1
2% a: + ; 2k: + 1 ZE .

One can check that these power series have radius of convergence infinity, (i.e., converges for
every x). Remember that sin(x) and cos(x) have power series representation

_ 2k 1 _
sin(x) = Z 2k Y — and cos(z) = Z(—

k=0 k=0
Now using these we get
- 1
= a Z g X Gy ocosa) - ansinga)
k=0 ’

Question 2 (Question 3, 5 Points) Consider the Rayleigh’s equation
my" + ky = ay’ = b(y')’

which models the oscillation of a clarinet reed. Using the second method find the first four
terms of the power series solution y(x) around xo =0 withm =k =a =1 and b = 1/3 with
the initial conditions y(0) = 0 and y'(0) = 1. Write the solution y(z).

Solution: It is given that m = k = a = 1 and b = 1/3, plugin these numbers into the
differential equation to get

1
y'+y=y —3y)" with y(0)=0 and y'(0)=1.

Since zp = 0 is ordinary point, y(z) has Taylor series expansion around zy = 0;
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= Zanx” = v )x", ie, a,= v )
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Therefore, using the second method, we find y(0),4'(0),y"(0),y"(0). Luckily, y(0) = 0 and
y'(0) = 1 are given. So we need to find y”(0). Use the differential equation, plugin = = 0 to

get
1 1 2
y"(0) +y(0) = y'(0) = 3(¥/(0))" equivalently y"(0) =1— 2= =.
Now we need to find y"”(0). To do this end, differentiate the differential equation with respect

to x and evaluate at x = 0 to get

y"'(0) 4+ 4/(0) = y"(0) — (¥'(0))*"(0) equaivalently 3" (0) = —1.

Hence
ag = 0 a; = 1 a9 —
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