UCONN - Math 3410 - Fall 2017 - HW6
Solutions to graded problems

1. [Problem 1] For the following differential equation 4xy” + 2y’ +y = 0.

e Find and classify all points as ordinary, regular singular, or irregular singular points.

e For each of the regular point(s), find the corresponding indicial equation and find roots
r1 and 7y of the indicial equation (Yes, there are two roots and the difference is not
integer).

e Find the corresponding recurrence relations for each of the roots 74, 7.

e Find the corresponding power series solutions ¥; and y,.

Solution: Rewrite the differential equation as

2 1
! /
2y +—y=0.
v 4a:y N 4xy
Then p(x) = 2/4x and ¢(z) = 1/4x both have singularities at z = 0. Therefore, all points
except © = 0 is ordinary points. For x = 0 we need to check the following limits;
2z

1
1 pu— 1 —_— 1 2 pu— 1 2—:
iy ep(z) = lim 72 =1/2 and - limatq(e) = lim 2”7 = 0.

Since both limits exist and are finite, therefore x = 0 is regular singular points.

Since x = 0 is the only regular singular point, we find the corresponding indicial equation.
Let

o0 o0

y(r) =" Z ap,x" = Z an "

n=0 n=0

be a solution for some 7 and a,,. Find /' and y” in terms of power series.

y/ - Z(n + r)anxn+r_1 and y// = Z(n + /r-) (n +r— 1)anxn+r—2'
n=0 0

Plug in to the differential equation to get

4 Z(n +7)(n+r— a2 +2 Z(n +r)a,z™ T+ Z a, " = 0.

n=0 n=0 n=0
That is,
[ee] [e.e] o
Z 4n+r)(n+r—1a,z™ 1 + Z 2(n 4+ r)a,z™ T + Z a,x™t" = 0.
n=0 n=0 n=0

In order to write the sums under one sum, we need to change the power of z in the last
summation from n + r to n + r — 1. Therefore,

Z4(n +r)(n+r— 1>anxn+r71 + Zz(n + T)ananrr*l + Z a, 12" = 0.
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Now if we split n = 0 terms in the first two sums and leave the rest under summation we get
4r(r—1)a0x7"—1+§: 4(n+7")(n—i—r—1)anx”+r_1+2raoxr_1—l—§: 2(n+r)anx”+r_1+§: ap_1z" 1 = 0.
n=1 n=1 n=1

Now we have (combining 2" ~! and remaining terms under big sum)
(4r(r — 1) + 2r)agx” " + i[él(n +7r)(n+r—1)a, +2(n+r)a, + a,_1]J2"7 =0
n=1

Since this is true every x, we get

(Ar(r—1)+2r)ap=0 and 4(n+r)(n+r—1)a, +2(n+7r)a, +a,—1 =0 forevery n > 1.
(1

The first identity gives us (assuming ao # 0) the indicial equation 4r(r — 1) 4+ 2r = 0. There-

fore, the roots are r; = 1/2 and r, = 0. We have two distinct roots and 71 — 75 is not integer.

Then the method of Frobenious implies that we have two linearly independent solution
corresponding to r; and y» corresponding to 75

y1(x) = iozozna:’1+é and yo(z) = i b0 = ibna:”.
n=0 n=0

n=0

Plug r; = 1/2 and solve for a,, in (1) to get

—Un—1
aQp = ———
(2n+1)2n
which gives
—Aayg —AQao
alz—:—
32 3!
—a Qo Qo
Ao — ——— — e g—
7 54 543! 5
e — —Q2  —G4p  —Q
776 765 7
Qo
n=(—1)"—-o =1,2,...,
=gy

Therefore we get the first solution corresponding to 7y = 1/2.

1

_ n+% — -1\ _ n—&-%
yi(z) nfaanm aonzo( ) 2n+ "

To find the solution corresponding to ry = 0, plug in 75 = 0 in (T]) (this time i am writing the
recurrence relation in terms of b,,) to get



Now (assuming by = ag # 0)

—bg —Qg
TS
by = “h b @
43 432! 4!
by — —by _ —bg _ —ao
65 654! 6!
b, = (—1)"(252)| n=12,...,

We get the second linearly independent solution corresponding to 7o = 0

yo(x) = nz:% by = by ;(—1)” (2711)!x”.

=0

2. [Problem 2] For the following differential equation xy” +vy' — y = 0.

e Find and classify all points as ordinary, regular singular, or irregular singular points.

e For each of the regular point(s), find the corresponding indicial equation and find the
double root r; of the indicial equation (Yes there is one double root).

e Find the corresponding recurrence relation for the root ;.
e Find the corresponding power series solution ;.

e Use the method of Frobenious and write down the general form of the second solution
Ya.
e Find at least first two terms by and b, of the second solution 5.

Solution: Rewrite the differential equation as

/
v ou_,

T i

y// +

Therefore, p(z) = 1/x and ¢(z) = —1/x are both singular at z = 0. We conclude that all
points except « = 0 is ordinary points. For x = 0 we need to check the following limits
51

- =0.

. T Y
ilg(l)xp(x)—hm =1 and glﬁli%l' q(x)—:lvlg%xx

z—0

Since both limits exist and are finite, therefore x = 0 is regular singular points.

Since x = 0 is the only regular singular point, we find the corresponding indicial equation.
Let

o0 o0

y(x) =" Z apx” = Z anz"t"

n=0 n=0

be a solution for some 7 and a,,. Find %/’ and y” in terms of power series.

y = Z(n + T)anInJrrfl and y" = Z(n +r)(n+r— 1>anxn+r72.
n=0 s
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Plug in to the differential equation to get

xZ(n + r)(n +r— 1)an$n+r—2 + Z(n + 7A)an‘xn—i-r—l . Zan$n+T —0.
n=0 n=0 n=0

After some algebra one gets

Z(n +7r)(n+r—1a,z" + Z(n +7r)a,z™t — Z a, " = 0.
n=0 n=0 n=0

In order to write the three summation under one sum we need to change the power of x from
n + rton + r — 1 so that the powers of = in each summation match (one can change the
power of x from n + r — 1 to n + r in the first two summation, idea is the same). Therefore,

Z(n +7)(n+r—1a,z™ ! + Z(n +7r)a,z™t — Z Q1" =0,
n=0 n=0 n=1

We can rewrite the power series as (just split the n = 0 terms and leave the remaining)

r(r—1)a0xr_1+2(n+7")(n+r—1)an93"+7"_1+ra0xr_1+2(n+r)an$"+r_1—Z a1z = 0.
n=1 n=1

n=1 = —

This gives us

(r(r — ag + rag)z" ' + Z[(n +7r)(n+r—1)ay, +(n+r)a, — a,_1]z"7" =0

n=1

Since this is true for every = we get (assuming again ag # 0)

r(r—=1)4+r=0 and (n+r)(n+r—1a,+ (n+r)a, —a,_1 =0 for n>1.
(2)

Therefore the indicial equation is 7> = (. Hence we have a double root 7, = 0.

To find the corresponding recurrence relation corresponding to r; = 0, simply plug in r = 0
in (2) to get

Ay
a, = "21 for n>1.
n
As we assume that ag # 0 we get
a1 = Qo,
ay ag ag
a = 2L _ 20 _
2T T 2 (212
Q2 ag ap
a _— = — =
37 32 7 3292 (31)2
ap
a, =




Therefore, we obtain the first solution corresponding to r; = 0

o0 o0 1
= E anx"t" = ag E — "
N2
(n!)
n=0 n=0

Since the indicial equation has double root, the method of Frobenious tells us that the second
linearly independent solution is of the form

Yo ( Zb 2" + log(z)y: (= an:v + log(z)y1 ()

n=1 n=0
Without plug in y; (z), we find y4(x) and y5(z). To this end, let us write Y (z) = > b,a"™
n=1
and

— Z bzt +log(x)y (x) = Y(x) + log(x)yi ().

Now "
1(7) y(x) yl( )

@) = Y@+ gyt (e) and pf(e) = v () DI D oy,

Plug in this into the differential equation to get

2ys+yh—y = 2"+ 41 — L 4y +wlog(a)y} + Y+ 2+ log(x)y; — Y — log(w)ys = 0
Observe that we have the following terms x log(z)y} + log(z)y| — log(x)y, = log(x)[zy) +
v, — y1] = 0 as y; is a solution to the above differential equation. Therefore we have

Y

Ty Yy — Yo = &Y + o) — 1+ CEY 4 x—Y Y +Y' =Y +25,=0 (3

Note that Y (z) = >_ b,z", therefore one has

n=1
= Z nb,x" ' and Y"(1) = Z n(n — 1)b,z" 2
n=1 n=2

Plug in these into (3)) to get (and move 2y to right hand side

2 =a2Y"+Y' —Y = Z (n — )bz + anx ibnx”
n=1
n(n — Db,a" ' + an x" ibnlxnl
n=2

[n(n — ]-)bn + nbn - bn_l]x"_l + bl-

[
M8i

3
||
N

[M]¢

3
[|
N

2
= apr — apy + ... we get

Note that since y; (x) =

—2y1(x) = —2ap + apr + ... = Z[n(n — 1)by, + nby, — by_1]z" " + by
n=2
from which we get b; = —2ay. To find b,, we set n = 2 in the summation to get (4by —b; )z =

apx and therefore by = —3ag/4.



3. [Problem 3] For the following differential equation zy” + y = 0.

e Find and classify all points as ordinary, regular singular, or irregular singular points.

e For each of the regular point(s), find the corresponding indicial equation and find the
roots 71 and 75 of the indicial equation (Yes there are two roots with r; — r is integer).

e Find the corresponding recurrence relation for the root ;.
e Find the corresponding power series solution /.

e Use the method of Frobenious and write down the general form of the second solution
Ya.
e Find at least first two terms by and b, of the second solution .

Solution: Rewrite the differential equation as
y'+—y=0.

Then p(z) = 0 and ¢(x) = 1/x both have singularities at x = 0. Therefore, all points except
x = 0 is ordinary points. For x = 0 we need to check the following limits;
1
. R o . 2 1 2_::
glggnéxp(x) = glclg(l)xO =0 and glcli%l’ q(z) = glcl_rf(l)l’ . 0.

Since both limits exist and are finite, therefore x = 0 is regular singular points.
Since x = 0 is the only regular singular point, we find the corresponding indicial equation.

Let
o0 o0
y(z) = 2" Z a,r" = Z anpx™ "
n=0 n=0

be a solution for some 7 and a,,. Find %/ and y” in terms of power series.

y, - Z(n + r)anxn—‘rr_l and y// = Z(n + /’n) (n + r— 1)an.,1:n+r—2'
n=0 0

Then plug into the differential equation to get

x Z(n +7)(n+r—1)a,z™"? + Z a,x™t" = 0.

n=0 n=0

Now we have . .
Z(n +7)(n+r—1)a,2™ + Z a,z"t" =0
n=0 n=0

and changing the power of z in the second summation to get

Z(n + T)(TL +r— 1)anxn+r71 + Z anilanrrfl -0
n=0 n=1

and this is equal to

r(r — Dagz™™' + Z[(n +r)(n+r—1a, + a, 1)J2"7" 1 =0 4)

n=1
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From this we get the indicial equation r(r — 1) = 0, which gives us r; = 1 and 7, = 0 (here
it does not matter if you choose ; = 0 and r, = 1 and proceed accordingly).

Plug in = 1 into the recurrence relation in (4) to get
(n+1)(n+1—-1)a, +a,-1 =0 and for n>1.

From this we get

—Qp—1
Ay = —————
(n+1)n
Now
“T o
—ay o Qo
Qa o g g
732 3221 3(212
—as —AQo
a = —
T 43 4312
I (=1)"ag
" (n+1)(n!)?2

Since r; — 5 is an integer, the method of Frobenious tells us that the first solution correspond-
ing to r; = 1 (it does not matter if you chose r; = 0 and proceed) is

x? x3

. n - (_1)n n
Zh(x):::rjz:amar ::amvjz:z;;qjijaajgx ::amp—-a075.+,a01§.+"_
n=0 n=0

The method of Frobenious tells us that the second solution is of the form

Yo () = 2° Z bpx® + cyi(x) log(x)

n=0

and following as in the second problem one gets by = —cag and 2b, + by = (3/2)aqc.



