UCONN - Math 3410 - Fall 2017 - Problem Set 7
Solutions to graded problems

Problem 2: Let f(x) be given as

T 0<z<m/2,
f(x)_{ﬂ—a: /2 <z <.

a. (4pt) Extend f(x) into an odd periodic function with period of 27 and find its Fourier series

b. (4pt) Extend f(x) into an even periodic function with period of 27 and find its Fourier series

c. (2pt) Use either part (a) or part (b) to verify that

2 > 1

8 ; (2n —1)2
Solution:

e Odd extension of f(x)

B

Odd extension Fy(z) of fis, Fu(z + 27) = F(z) and

x 0<z<m/2,
F(z) = f(z) 0<z<m | 7rm—x r/2<z<m
T —f(mx) —m <2 <00 ) —(—x) —r/2< 2 <0,

—(m—(—x)) —n<z<m/2

As we have the extension F,,, which is periodic with period of 2. = 27, we will find its Fourier
series.
Since this is an odd extension, cosine terms will be zero; a,, = 0 and ay = 0. Hence it will be a



sine series; we only need to find b,,.
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s T
—m 0
w/2 T
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0 w/2
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=—[-——= — d —[- My — — d
7r[ O cos(nx)dz] + 7T[ . - cos(nx)dz]
0 /2
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= ;[0 + = sm(nac)|0/ +0— 3 sm(nx)]ﬂ/?]
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— sin(nm/2)

Hence b,, = 0 when n is even and therefore we only have odd terms; (set n = 2k — 1)

4 (_1)k+1

;mfork:LQ,...

4 .
bok—1 = g sin((2k — 1)w/2) =
Hence, the Fourier series of F,(x) (notice that the odd terms in by, is zero, we only have the odd
terms) is

040+ ; bg sin(kx) = ; %% sin((2k — 1)x)

Note that F,,(x) is continuous everywhere. Hence by the Fourier series convergence theorem we
know that F,(x) and its Fourier series agree for every z;

o0 4 k+1
Z % 2k: —7) 5 sin((2k — 1)z).
k=1
e Even extension of f(z)
Y
- . X

Odd extension F,,(z) of f is, F.,.,(x + 27) = F..,(x) and

x 0<z<7/2,
Fou(z) = f(z) 0<z<m ) 7m—x m/2<z<m
T f(ma) —r < <00 T (o) —7/2 <z <0,

(m—(—2)) —7m<z<m/2



As we have the extension F.,,, which is periodic with period of 2L = 27, we will find its Fourier
series.

Since this is an even extension, sine terms will be zero; b,, = 0. Hence it will be a cosine series;
we only need to find a,, and ag. Let us find a first;

™ ™ 7T/2 ™
1 2 2 2 2 2
ag = ;/F(m)dx = %/F(x)dx = / xrdx + - /(ﬂ' —z)dx = ;[% + %] = g
—Tr 0 0 71'/2

1 2 f
an = — /F’even(x) COS(R[L’)CZ{E - — / F:even(’lj) COS(RI)dZB
T m
0

w/2 ™
2 2
= — / x cos(nx)dr + — /(ﬂ' — z) cos(nz)dx
T T
0 w/2
/2 T
2 xsin(nx) - 1 / , 2 (m — x)sin(nz) 1 / _
=—[——|)" —— d — i — d
7r[ - 0 - sin(nx)dx] + 7r[ - ot - sin(nx)dx]
0 w/2
2 1 1 2 1 1
= ;[% sin(nm/2) —i— — cos(nm/2) — nQ] + ;[Q—W sin(nm/2) — = cos(nm) + = cos(nm/2)]
4 LR 4 2> 2
= W COS(TL?T/Q) — W — W COS<7L7T) ﬁ COS(TL7T/2) — ﬁ — @(—1>
Hence a,, # 0 only when n = 2k +4 for k = 0, 1, .. .. From this observation one gets Fourier series
of I as

T 2=
—— = Z 5 cos((4k + 2)z).
4 0 2k

With the same reasoning as above, F’ is continuous everywhere, hence the Fourier series of F.,., ()
and the function F,,(x) agree for every z;

T2
F..(z) = yim kz_; 5 cos((4k + 2)z).

e Now we use either of the Fourier series we found to see that, for example use the first one and
evaluate at z = 7/2 to get

& 4 k+1

g = Fu(n/2) = Z - sm((zk —1)7/2).

A little algebra gives



