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1. Consider the following Laplace’s equation in rectangle

Au =tz +uyy =0, 0<x<3, 0<y<3,
u:c<07y) =-3 and ua:<37y) =0,
uy(x,0) =3 and wuy(x,3)=0

and consider the following function
u(z,y) = 2(3} y°) — 3z + 3y + 3410.

(a) (6 points) Verify that u(x,y) satisfies the Laplace’s equation Au = g, + uyy = 0.
Solution: We need to compute u,; and uy,;

Uy, = —3 and Uz, = 1.

Similarly,
uy =—y+3 and wuy =—1.

Hence
Ugy +Uyy =1 —1=0.

Therefore, we conclude that given function u(x,y) satisfies the Laplace’s equation.

(b) (6 points) Verify also that u(x,y) satisfies the given boundary conditions as well (check
each of them separately) and conclude that u(z,y) solves the above Laplace’s equation
with the given boundary conditions.

Solution: We need to check u(z,y) satisfies all of the four boundary conditions;

First boundary condition u,(0,y) = —3;

uzy(z,y) = —3 therefore wu,(0,y) =0—3=—3.
Second boundary condition u(3,y) = 0;

ug(z,y) =x —3 therefore wuy(3,y) =3—-3=0.

Third boundary condition u,(z,0) = 3;

uy(z,y) = —y+3 therefore wuy(x,0)=-0+3=3.
Fourth boundary condition u,(z,3) = 0;

uy(z,y) = —y+3 therefore wuy(x,3)=-3+3=0.

Hence u(z,y) satisfies all the boundary conditions. We then conclude that u(z,y) is a
solution to the Laplace’s equation with the given boundary values.
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2. Consider the following Heat conduction problem

Qupe =u, O<zx<m, >0
ugy(0,8) =0 and wuy(m,t) =0
u(z,0) = cos(3x) + cos(4z) + cos(10x).

(a) (6 points) By considering separation of variables u(z,t) = X (x)T'(t), rewrite the partial
differential equation in terms of two ordinary differential equations in X and T (take
arbitrary constant as —\).

Solution: Rewrite the PDE as 4ug, —u; = 0. Let u(z,t) = X (x)T(t). Then

Uy = X"T and wu; = XT'.

Substitute this in to the differential equation to get

X/l T/

Mgy —up = 4X"T — XT' =0 equivalently ~ i —\
Hence
X//
— =\ X"+XX =0
X oot !
T’ ,
— ==X = T +4\T =0.
4T +

(b) (4 points) Rewrite the boundary values in terms of X and 7" and choose the boundary
values which will not give a non-trivial solution and write the ordinary differential equation
corresponding to X.

Solution: We have at x = 0 as u,(z,t) = X'(x)T(t) then

uz(0,t) = X'(0)T(t) = 0; one has either X'(0) =0 or T(t)=0.
Atz =

ug(m,t) = X'(7)T(t) = 0; one has either X'(7)=0 or T(t)=0.

We know that the choice of T'(t) = 0 gives only the trivial solution as u(z,t) = X (z)T'(t) =
0.

Therefore, we choose our boundary conditions as X’(0) = 0 and X'(7) = 0 in order
to obtain the non-trivial solution. Now if we rewrite the ordinary differential equation
corresponding to X we get

X"+AX =0, X'(0)=0 and X'(7)=0.
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(d)

(8 points) Solve the two-point boundary value problem corresponding to X. Find all
eigenvalues )\, and eigen-functions X,

Solution: For A = 0 we get X (z) = b is a solution. Hence we will keep this as eigenfunc-
tion.

For A < 0 we trivial solution. (solution will be exponential and is not period).
For A > 0 We know that the non-trivial general solutions is

X (x) = Acos(kx) 4+ Bsin(kx)

where we choose A = k2, k > 0. Using this general solution and the first boundary
condition and X'(z) = —Aksin(kz) + Bk cos(kx)

X'(0) = —Aksin(0) + Bk cos(0) = Bk =0 therefore we have B = 0.
Using the second boundary condition, we get (as B = 0, X'(z) = —Aksin(kz))
X'(m) = —Aksin(kr) = 0.

This holds when km = nm for n = 1,2,.... Hence we get k = n, or equivalently, we get
the eigenvalues
M=k=n?> n=12,....

The corresponding eigenfunction (corresponding to ) is

Xo(xz) =b, and X,(z)=cos(nz) forn=1,2,....

(8 points) For each eigenvalue A, you found in (d), rewrite and solve the ordinary differ-
ential equation corresponding to 7;,.
Solution: Since the ordinary differential equation corresponding to 7' is

T' +4XT = 0.

2

Plug in A = n* we get (for each n we have a different solution 7},)

T! + 4n>T,, = 0.
We know that this is a first order linear ordinary differential equation and its solution is
To(t) = Cpe 4.

for some C),.

For A = 0, we get 7" = 0, then T'(t) = Cy. Hence this is also solution corresponding to
A =0 we will also keep this.

(5 points) Now write general solution for each n, uy(z,t) = X,(z)T,(t) and find the
general solution u(z,t) = > up(z,t).

Solution: We know that the solution for each n is

un () = Xp(2)Ty(t) = cos(nx)Cne_4”2t form=1,2,..., and ug(x,t) = byCy.
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The general solution is

o0 e
u(x,t) = ug(x,t) + Z un(x,t) = boCo + Z C, COS(naz)e—‘l”Qt,

n=1 n=1

(f) (5 points) Using the given initial value and the general solution you found in (f), find the
particular solution.
Solution: Now the initial value is given as u(x,0) = cos(3z) + cos(4x) + cos(10z). Hence,
plug in ¢ = 0 in the solution we have in (f) gives us

u(z,0) = boCo + Z C,, cos(nz)e’ = Z Cy, cos(nx) = cos(3z) + cos(4x) + cos(10z).

n=1 n=1

From this we get that, all C), = 0 except C3 = 1, Cy = 1, and Cy¢ = 1, here there is no
constant term, therefore, bjpCy = 0. Hence in the solution, the only terms we have, for
n=2n=4n=10with C3 =1, Cy = 1, and Cyg = 1;

oo
u(z,t) = Z Cp cos(nz)e"“ﬁ’t = cos(3z)e ™ 3ty 008(41“)6744% + cos(10z)e " 102¢
n=1
= cos(3:z:)e_36t + cos(4x)e_64t + cos(le)e_‘mOt

is the particular solution.
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3. Consider the following wave equation which describes the displacement u(x,t) of a piece of
flexible string with the initial boundary value problem

QUge =ug, 0<2x <3, t>0
u(0,t) =0 and u(3,t)=0
u(z,0) =0 and w(x,0) = 3wsin(mx).

(a) (6 points) By considering separation of variables u(x,t) = X (x)T(t), rewrite the partial
differential equation in terms of two ordinary differential equations in X and 7.
Solution: Rewrite the differential equation as uy, — uy = 0. Let u(x,t) = X (x)T'(t).
Then we get

Upey = X"T and uy = XT".

Substitute this into the partial differential equation 9u,, — uy = 0 to get
gy —uy = 9X"T — XT" = 0.
Dividing by 4XT we get
X// T//
X 9T
Notice that the left-hand side is a function of x only and the right-hand side is function
of t only and as they are same, this is possible only if they are the same constant;

X// T//
S - Y
X 9T

From this we get

X//
7:7A — XH+>\X:0
T/l
=) T" + 9XT = 0.

(b) (4 points) Rewrite the boundary values in terms of X and 7" and choose the boundary
values which will not give a non-trivial solution and then rewrite the ordinary differential
equation with boundary values corresponding to X.

Solution: Since u(x,t) = X (z)T'(t) we have when x =0

u(0,t) = X(0)T'(t) =0 we should have either X(0) =0 or T(t)=0.
At xz = 3, we have
u(3,t) = X(3)T(t) =0 we should have either X (3)=0 or T(t)=0.
We know that T'(t) = 0 will give only the trivial solution. Therefore, we should choose
X(0)=0 and X(3)=0.
Then X satisfies the following two-point boundary condition

X"4+AX =0, X(0)=0 and X(3)=0.
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(c¢) (8 points) Solve the two-point boundary value problem corresponding to X you found in
(b). Find all eigenvalues \,, and eigenfunctions X,
Solution: Now we know that only non-trivial solution comes from when A = k? for some
k> 0 (again when A = 0 and A < 0 will give only the trivial solution, X (x) = 0). In this

case the solution is
X (x) = Acos(kz) + Bsin(kz).

We now find A and B using the boundary values we have in (c), at z =0
X(0) = Acos(0) + Bsin(0) =0 implies A =0.
At z =3, (now A =0, we only have X (z) = Bsin(kz))
X (0) = Bsin(3k) = 0.

This holds if sin(3k) = 0 which gives 3k = mn. Hence k = 7mn/3.

E="" lence \=k2= .
3 32

Therefore, the eigenvalues are

The corresponding eigenfunctions are

X, (z) = sin(kz) = sin($) n=1,2,....

(d) (8 points) For each eaigenvalue A, you found in (c), solve the initial value problem corre-
sponding to T,.
2n2

Solution: Since A, = 53~ and the ordinary differential equation corresponding to 7" is

T +9\T = 0.

Substitute A = we get (we have a different solution for each n);

1" 1" mn? 1" 2 2
T, +9\T, =T, +9 2 T, =T, +mn"T,

This is a second order linear differential equation and which has characteristic equation
r? 4+ 712n? =0.
From this we get that the characteristic equation has a imaginary complex conjugate roots
r = tmni.
Thus the solutions are

T,o(t) = Ay cos(mnt) + By sin(mnt) n=1,2,...,.
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(5 points) Now write general solution for each n, un(z,t) = X,(x)T,(¢t) and find the

general solution u(x,t) = > uy(z,1).
Solution: Combining (c) and (e) we have

™I

up(z,t) = X(2)T(t) = sin(T)[An cos(mnt) + By, sin(mnt)].

The general solution is

u(z,t) = Z up(x,t) = Z sin(ﬂgﬂ)[An cos(mnt) + By, sin(mwnt)].
n=1

n=1

(5 points) Using the given initial values, find the particular solution.

Solution: Now we have two initial values u(z,0) = 0 and w(x,0) = 37 sin(3x)

At t =0, ie, u(z,0) =0

oo
u(z,0) = Z sin(@)[fln cos(0) + By, sin(0)] =0
n=1 3
gives us A, = 0 for every n = 1,2,.... Hence we have

u(x,t) = Z sin(l?;m)Bn sin(7nt).

n=1

we now need to find wu(x,t);
- ™mx
ug(x,t) = Z SiH(T)BnT(TL cos(mnt).
n=1
Then given initial value w;(x,0) = 37 sin(3x) gives us
- ™me
ug(x,0) = Z sin(——)B,mn cos(0) = 37 sin(3x).
n=1 3
Therefore, let b, = B,mn then above identity becomes
- ™
> busin(——) = sin(mz).
3
n=1

This tells us all b, = 0 except bg =1 as

°© 2
Z by, sin(%) =b sin(%) + by sin(%) + b3 sin(—wzx) +...
n=1

and we know that this summation is sin(3x) hence all b,, should be zero except bs which
will be 3. Hence if we solve for Bj here, (we plug in n = 3) 37 = b3 = B33w. Hence
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Bs=1
.oom3x., . . .
u(z,t) = Bs sm(T) sin(mw3t) = sin(mx) sin(37t)

is the particular solution.
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4. For the following differential equation

(a)

' +y —y=0

(4 points) Find and classify all points as ordinary, regular singular, or irregular singular
points.
Solution: Rewrite the differential equation as

/
y//—i_yi_g:()
T T

Therefore, p(z) = 1/x and g(z) = —1/x are both singular at = 0. We conclude that all
points except x = 0 is ordinary points. For = 0 we need to check the following limits

T 1
li =lim==1 and lima°¢(z) = lim 2>~ = 0.
M) = g =1 e Jigeal) = ey

Since both limits exist and are finite, therefore x = 0 is regular singular points.

(5 points) For each of the regular point(s), find the corresponding indicial equation and
find the double root r1 of the indicial equation (Yes there is one double root).
Solution: Since x = 0 is the only regular singular point, we find the corresponding indicial

equation. Let
oo o0
y(x) =" Z anr’ = Z anz" "
n=0 n=0

be a solution for some r and a,. Find 3 and 3" in terms of power series.

o0 o0

y = Z(n + M)apz™™ ™t and ¢ = Z(n ) (n 4 — Daga™t 2.
n=0 n=0

Plug in to the differential equation to get
oo o0 oo
x Z(n +r)(n+r— a2 2 + Z(n + 7)apx™ T — Z anz" " = 0.
n=0 n=0 n=0

After some algebra one gets

o0 00 00
Z(n +r)(n47—Daz"™ 4 Z(n + 7)apx™ T — Z anz™ = 0.
n=0 n=0 n=0

In order to write the three summation under one sum we need to change the power of x
from n 47 to n+r — 1 so that the powers of x in each summation match (one can change
the power of x from n + 7 — 1 to n + r in the first two summation, idea is the same).
Therefore,

o0

o0 oo
Z(n +7)(n+r—1az" !+ Z(n + r)apx™ T — Z an_12™ T = 0.

n=0 n=0 n=1
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We can rewrite the power series as (just split the n = 0 terms and leave the remaining)

o0 o0 o0
r(r—l)aox’”*l—l—Z(n—H)(n+r—1)anx"+’”*1+mox’"*1—l—Z(n—kr)anx””*l—Z ap_ 12" = 0.

n=1 n=1 n=1

This gives us

(r(r — Dag +rag)z" ' + Z[(n +r)(n47—Da, + (n+r)a, —ap_1]z" =0

n=1

Since this is true for every x we get (assuming again ag # 0)
r(r—1)4+r=0 and (n+r)(n+r—Da,+ n+7r)ay—a,—1 =0 for n>1. (1)

Therefore the indicial equation is 72 = 0. Hence we have a double root r; = 0.

(c) (5 points) Find the corresponding recurrence relation for the root r;.
Solution: To find the corresponding recurrence relation corresponding to r1 = 0, simply
plug in r =0 in (1) to get
an—1

5 for n>1.

ap =
n

(d) (5 points) Find the corresponding power series solution y;.
Solution: As we assume that ag # 0 we get

a1 = aop

aj aq aq
a2 = —_— = — =

227 22 (21)2

a2 ao ao
a3 = —" = — =

32~ 3222 (31)2

ao
(n!)?”

an =

Therefore, we obtain the first solution corresponding to r; =0

) [e9) 1
(6) =3 =
n=0 n=0

(e) (5 points) Use the method of Frobenious and write down the general form of the second
solution ys.
Solution: Since the indicial equation has double root, the method of Frobenious tells us
that the second linearly independent solution is of the form

Z bz + log(x)y1 (z) = Z bz 4 log(z)y1 (z)

n=1 n=0
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5. Let f(z) be given as

fz) =,

O<z<l1.

(a) (6 points) Extend f(z) into an even periodic function with period of 2.
As we want to extend f into odd periodic function with period of 2 we define

Solution:

0Odd extension F,(z) of f is, Fuen(x 4+ 2) = Foen(x) and

Solution:

_J [
Foen(z) = { f(—z)

(b) (6 points) Find Fourier series F(x).
As we have the extension F,

even)

0<z <,
—1<z<O0.

L =1) we will find its Fourier series.
Since this is an even extension, sine terms will be zero; b, = 0. Hence it will be a cosine
series; we only need to find ag and a,.

1 1 1 1
aozL/_lf(x)dx:2/0 f(:n)dx:2/0 xdr = 1.

Now for a,, we get

1

]

Ay —

1

2

/

0<z <1,
—1<z<0

N { (o)

which is periodic with period of 2L = 2, (hence

nmwx

f(x) COS(T)dSU

1
= Q/xcos(mra:)dx
0

1

= —[xsin(nrz)]iZ) — 2 /sin(mm)dx

nm
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Hence the Fourier series of F,., is

[ee] [ee]

ap nmwx . NTX

F(x) = ) + g an COS(T) + E bp, SIH(T)
n=1

n=1

< 9 .
=14 Z W[(_l) — 1] cos(nmx) + 0.
n=1
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6. (10 points (bonus)) Solve the first order equation
dugy +uy =0

with the auxiliary condition
1

Solution: Notice that
((4,1), Vu(z,y)) = duz +uy =0

Hence u(zx,y) is constant in the direction of (4,1). The lines parallel to (4,1) have equations
—2z+4y = 0. here —x +4y = 0 is called the characteristic lines. As u(x,y) is constant on these
lines therefore u(z,y) depends only —z + 4y. Hence

u(z,y) = f(-z+4y).
Using the the auxiliary condition u(0,y) = ?IyQ we get

1
1+y2

u(0,y) = f(4y) =
Since f(4y) = ﬁ we can find f(y) = m. Since
1
1+ f=(—z+4y)?

u(z,y) = f(—w+4y) =

is the solution. (you can check you answer by finding u, and u, and verify that 4u, +u, = 0.)



