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1. Consider the following Laplace’s equation in rectangle

Au= Uz +uyy =0, 0<2<2, 0<y<4,
uz(0,y) = =2 and  wu.(2,y) =0,
uy(xz,0) =4 and wuy(z,4)=0

and consider the following function

1
u(@,y) = 5(@* —y*) = 20 + 4y,

(a) (6 points) Verify that u(z,y) satisfies the Laplace’s equation Au = gy + uyy = 0.
Solution: We need to compute u,; and uy,;

Uy = —2 and Uz, = 1.

Similarly,
uy = —y+4 and wuy, = —1.

Hence
Ugy +Uyy =1 —1=0.

Therefore, we conclude that given function u(z,y) satisfies the Laplace’s equation.

(b) (6 points) Verify also that u(x,y) satisfies the given boundary conditions as well (check
each of them separately) and conclude that u(z,y) solves the above Laplace’s equation
with the given boundary conditions.

Solution: ~ We need to check u(z,y) satisfies all of the four boundary conditions; First
boundary condition u,(0,y) = —2;

uz(x,y) = —2 therefore ug(0,y) =0—-2=—-2.
Second boundary condition u(2,y) = 0;
Ug(z,y) =2 —2 therefore wuy(2,y) =2-2=0.
Third boundary condition uy(z,0) = 4;
uy(xz,y) = —y+4 therefore uy(z,0)=-0+4=4.
Fourth boundary condition u,(z,4) = 0;
uy(z,y) = —y+4 therefore wuy(x,4)=-4+4=0.

Hence u = u(x,y) satisfies all the boundary conditions. We then conclude that u(x,y) is
a solution to the Laplace’s equation with the given boundary values.
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2. Consider the following Heat conduction problem

Quge =u;,, O<zx<m, t>0
w(0,t) =0 and wu(m,t)=0
u(z,0) = 3sin(3z) + 4sin(4z) + 10sin(10x).
(a) (6 points) By considering separation of variables u(z,t) = X (x)T'(¢), rewrite the partial
differential equation in terms of two ordinary differential equations in X and T (take

arbitrary constant as —\).
Solution: Rewrite the PDE as 9ug, —u; = 0. Let u(z,t) = X (x)T(t). Then

Upy = X'T and w = XT.

Substitute this in to the differential equation to get

X// T/
Mgy —up = 9X"T — XT' =0 equivalently x5 = oT = -\
Hence
);I =-A = X'"+AX =0,
T/
oT =-A = T +9\T=0.

(b) (5 points) Rewrite the boundary values in terms of X and 7.
Solution: We have at x =0

u(0,t) = X(0)T'(t) = 0; one has either X(0) =0 or T(t)=0.
Atz =

u(m,t) = X(m)T'(t) = 0; one has either X(7m)=0 or T(t)=0.

(c) (5 points) Now choose the boundary values which will not give a non-trivial solution and
write the ordinary differential equation corresponding to X.
Solution: We know that the choice of T'(t) = 0 gives only the trivial solution as u(z,t) =
X(x)T'(t) = 0.
Therefore, we choose our boundary conditions as X (0) = 0 and X (7) = 0 in order to obtain
the non-trivial solution. Now if we rewrite the ordinary differential equation corresponding
to X we get

X"+AX =0, X(0)=0 and X(w)=0.
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(d) (5 points) Solve the two-point boundary value problem corresponding to X. Find all
eigenvalues )\, and eigen-functions X,
Solution: We know that the non-trivial general solutions is

X (x) = Acos(kx) 4+ Bsin(kx)

where we choose A = k2, k > 0. (Other values of A, A = 0 and A\ < 0, leads to trivial
solutions again.). Using this general solution and the first boundary condition we gave

X (0) = Acos(0) + Bsin(0) = A=0.
Using the second boundary condition, we get (as A = 0)
X (m) = Bsin(km) = 0.

This holds when km = nm for n = 1,2,.... Hence we get k = n, or equivalently, we get
the eigenvalues
M=k=n?> n=12,....

The corresponding eigenfunction (corresponding to \,) is

X, (z) = sin(nx).

(e) (5 points) For each eigenvalue )\, you found in (d), rewrite and solve the ordinary differ-
ential equation corresponding to 7;,.
Solution: Since the ordinary differential equation corresponding to 7' is

T+ 9\T = 0.

Plug in A = n?

we get (for each n we have a different solution 7},)
T! 4+ 9n>T,, = 0.
We know that this is a first order linear ordinary differential equation and its solution is

To(t) = Cre .

for some C,,.

(f) (5 points) Now write general solution for each n, u,(x,t) = X,(x)T,(t) and find the
general solution u(z,t) = > up(x,t).
Solution: We know that the solution for each n is

un () = Xp(2)To(t) = sin(nw)Cne_9”2t.

The general solution is

u(z,t) = Zun(aﬁ,t) = Z Chn sin(nw)efgnzt.
n=1 n=1
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(g) (b points) Using the given initial value and the general solution you found in (f), find the
particular solution.
Solution: Now the initial value is given as u(z,0) = 3sin(3z) + 4sin(4z) + 10sin(10x).
Hence, plug in ¢ = 0 in the solution we have in (f) gives us

u(z,0) = Z C, sin(nz)e® = Z Cy sin(nz) = 3sin(3z) + 4sin(4z) + 10sin(10z).

n=1 n=1

From this we get that, all C,, = 0 except C3 = 3, Cy = 4, and C1g = 10. Hence in the
solution, the only terms we have, for n = 2,n = 4,n = 10 with C3 = 3, C4y = 4, and
Cl() = 10;

e}
u(x,t) = Z Ch sin(naz)e_gnzt =3 sin(31:)e_932t + 4sin(4:v)e_942t + 10sin(10z)e? 10%t
n=1
= 3sin(3z)e 8 + 4sin(4z)e M + 10sin(102)e 0%

is the particular solution.
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3. Consider the following wave equation which describes the displacement u(x,t) of a piece of
flexible string with the initial boundary value problem

Qug, =uy, 0<x<b t>0
u(0,t) =0 and wu(5,t)=0
u(z,0) =0 and w/(x,0) = sin(7x).

(a) (6 points) By considering separation of variables u(x,t) = X (x)T(t), rewrite the partial
differential equation in terms of two ordinary differential equations in X and 7.
Solution: Rewrite the differential equation as 4uy, — uy = 0. Let u(x,t) = X (x)T'(t).
Then we get

Upey = X"'T and uy = XT".

Substitute this into the partial differential equation 4u,, — uy = 0 to get
4u$$ — Ut — 4X//T — XT” = 0

Dividing by 4XT we get
X// T//
X AT
Notice that the left-hand side is a function of x only and the right-hand side is function
of t only and as they are same, this is possible only if they are the same constant;
X// T//
— =—==-\
X AT

From this we get

X/l
YI—A — X//+>\X:0
T/l
E:—/\ —  T"4+4XT =0.

(b) (5 points) Rewrite the boundary values in terms of X and T.
Solution: Since u(x,t) = X (z)T'(t) we have when x =0

u(0,t) = X(0)T'(t) =0 we should have either X(0) =0 or T(t)=0.
At x = 5, we have

u(5,t) = X(5)T(t) =0 we should have either X(5)=0 or T(t)=0.

(c¢) (5 points) Now choose the boundary values which will not give a non-trivial solution and
then rewrite the ordinary differential equation with boundary values corresponding to X.
Solution: We know that 7'(t) = 0 will give only the trivial solution. Therefore, we should
choose

X(0)=0 and X(5)=0.

Then X satisfies the following two-point boundary condition

X"4+2AX =0, X(0)=0 and X(5)=0.
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(d) (5 points) Solve the two-point boundary value problem corresponding to X you found in
(c). Find all eigenvalues \,, and eigenfunctions X,
Solution: Now we know that only non-trivial solution comes from when A\ = k? for some
k> 0 (again when A = 0 and A < 0 will give only the trivial solution, X (x) = 0). In this

case the solution is
X(x) = Acos(kz) + Bsin(kz).

We now find A and B using the boundary values we have in (c), at z =0
X(0) = Acos(0) + Bsin(0) =0 implies A =0.
At z =5, (now A =0, we only have X (z) = Bsin(kz))
X (0) = Bsin(bk) = 0.

This holds if sin(5k) = 0 which gives 5k = mn. Hence k = mn/5.

E="" lence \=k2= .
5 52

Therefore, the eigenvalues are

The corresponding eigenfunctions are

X, (z) = sin(kz) = sin(%)

(e) (5 points) For each eaigenvalue \,, you found in (d), solve the initial value problem cor-
responding to Ti,.

Solution: Since A, = T2

52

and the ordinary differential equation corresponding to 7' is
T" +4)\T = 0.

Substitute A = we get (we have a different solution for each n);

m2n?

This is a second order linear differential equation and which has characteristic equation
(rewrite 4 = 22)
22722

52

From this we get that the characteristic equation has a imaginary complex conjugate roots

=0.

re 4+

r=+—-i.
5
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Thus the solutions are

2mnt 2mnt
7m)—i—anm( 7;71

T, (t) = A, cos( ) n=1,2...,.

(f) (5 points) Now write general solution for each n, un(z,t) = X, (x)T,(t) and find the
general solution u(z,t) = > up(x,t).
Solution: Combining (c) and (e) we have

une,) = X()T(1) = sin( 504, cos(@) + B, sin(2

The general solution is

= 7rn 2mnt
= n(z,t) )[An B, .
nz::l U (2, 1) Z sin( co ( ) + By sin(—— 5 )]

(g) (5 points) Using the given initial values, find the particular solution.
Solution: Now we have two initial values u(x,0) = 0 and w(x,0) = sin(7x)

Att=0,ie, u(z,0)=0
- ™
0)=>" sin(—=)[An c0s(0) + By sin(0)] = 0
gives us A, = 0 for every n = 1,2, .... Hence we have
> . TnX . 2mnt
t) = nzl sm(T)Bn sm(?).

we now need to find wu;(x,t);

we,t) =Y sin("E0) B, 27;” Cos(27;nt )
n=1
Then given initial value uy(z,0) = sin(rz) gives us
- ™I 2mn
u(x,0) = Z Sin(T)BnT cos(0) = sin(mx).

Therefore, let b, = BTLQ’TT” then above identity becomes
= TN
Z by, sin(T) = sin(mz).
n=1

This tells us all b, = 0 except b5 = 1 as

- 2
Z bn, sin(m;x =b sm( 5 ) + by sm(ﬂ;c) +...b5 s1n(7r5$) +...



Math 3410 Practice Final Exam - Page 9 of 14 December 14

and we know that this summation is sin(5z) hence all b, should be zero except bs which
will be 1. Hence if we solve for Bj here, (we plug in n = 5) 1 = b5 = B5¥. Hence
Bs =1/(2m)
) 2mht 1
u(z,t) = Bs sin(g—x) sin(ﬂT) =5 sin(mz) sin(27t)
T

is the particular solution.
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4. For the following differential equation
4y’ + 2y +y =0

(a) (4 points) Find and classify all points as ordinary, regular singular, or irregular singular
points.
Solution:
! 2 / 1
Y+ 127 + wl 0.
Then p(z) = 2/4x and ¢(z) = 1/4x both have singularities at x = 0. Therefore, all points
except z = 0 is ordinary points. For x = 0 we need to check the following limits;
2x 1

. 2 . 2 _ T 2 -
liapte) = liy ZE=1/2 ond -l aale) = i =0

Since both limits exist and are finite, therefore x = 0 is regular singular points.

(b) (5 points) For each of the regular point(s), find the corresponding indicial equation and
find roots r1 and ry of the indicial equation (Yes, there are two roots and the difference is
not integer).

Solution: Since z = 0 is the only regular singular point, we find the corresponding indicial
equation. Let

0 0
y(x) =" Z anr™ = Z 4z
n=0 n=0
be a solution for some r and a,. Find ¢ and 3" in terms of power series.
i (0.0
y = Z(n +7)apz™ "t and ¢y = Z(n +r)(n 47— Dana™ 2.
n=0 =0

Plug in to the differential equation to get

o0 o0 o0
4x Z(n +7)(n4 17— Daa" 2 42 Z(n + 7)apz™ T 4 Z apz™ = 0.
n=0

n=0 n=0

That is,

[ee] [e.e] o0
Z 4n+r)(n+r— a1 4 Z 2(n + r)a,z" ™ 4 Z anz™t =0.

n=0 n=0 n=0

In order to write the sums under one sum, we need to change the power of x in the last
summation from n + r to n + r — 1. Therefore,

[o¢] [o.¢] (o]
Z dn+ryn+r—1az" 1 + Z 2(n + r)az" T 4 Z ap_12" 1 = 0.

n=0 n=0 n=1

Now if we split n = 0 terms in the first two sums and leave the rest under summation we
get

o0 [e.9] o0
47“(7"—1)@0367"_1—1—2 4(n+r)(n—i—r—l)anx””_l—i—%aox’"_l—i—z 2(n+r)anx"+r_1+z an_12" " =0,

n=1 n=1 n=1
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Now we have (combining 2"~ and remaining terms under big sum)

(4r(r — 1) + 2r)ags" ' + Z[Zl(n +r)(n4r—Dan +2(n +r)an + an_1]z" =0

n=1

Since this is true every x, we get

(4r(r—1)4+2r)ap=0 and 4(n+7r)(n+r—1)a, +2(n+r)a, +a,—1 =0 for every n > 1.
(1)

The first identity gives us (assuming ag # 0) the indicial equation 4r(r — 1) + 2r = 0.
Therefore, the roots are 71 = 1/2 and ro = 0. We have two distinct roots and 1 — ry is
not integer.

(c) (5 points) Find the corresponding recurrence relations for each of the roots r; and rs.
Solution: Plug 7 = 1/2 and solve for a,, in (1) to get

—Qnp—1

(2n+1)2n°

ayn —

Plug in ro = 0 in (1) (this time i am writing the recurrence relation in terms of b,,) to get

*bnfl

by = ————.
2n(2n — 1)

(d) (5 points) Find the corresponding power series solution y; to 7.
Solution: The recurrence relation for r1 = 1/2 is a,, = ==

@nt2n and if we check a few
terms to find a pattern;

o —ag o —ag
M3 T
—a1 ap ago
ay = —— = = —
7 54 5431 Bl
—an —ag —ag
aa = = =
T 76 765 T
ap
Qn ( ) (2n+1)' n ) <y )

Therefore we get the first solution corresponding to r; = 1/2.

o0 oo
1 1
_ n-‘,—%: _1n n+§
) = 3™ = a0 3N gy

(e) (5 points) Find the corresponding power series solution ys to 3.
Solution: To find the solution corresponding to r9 = 0, plug in 7o = 0 in (1) (this time i
am writing the recurrence relation in terms of b,,) to get

_bn—l

by = ————.
2n(2n — 1)
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Now (assuming by = ag # 0)

—byp  —ag
=57 =7
52:;[)1: bo _ %
43 4320 4
by — —by _ —bo _ —ao
65 6541 6!
bn:(—l)"@b;z)' n=1,2,...,

We get the second linearly independent solution corresponding to ro =0

o0

yo(z) = anas" =by Z(—l)” (2711)!33".
n=0

n=0
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5. Let f(z) be given as
flz)=2z, 0<z<2

(a) (6 points) Extend f(z) into an odd periodic function with period of 4.
Solution: As we want to extend f into odd periodic function with period of 4 we define

N

Odd extension F,qq(x) of fis, Foaq(z + 2) = F,qq(x) and

F _] @ 0<z<2, _ [z 0<z<2,
odd(x)—{_f(—:c) —2<z<0. _{—(—1:) —2<x<0

(b) (6 points) Find Fourier series F'(x).
Solution: As we have the extension F,.,, which is periodic with period of 2L = 4, we will
find its Fourier series.
Since this is an odd extension, cosine terms will be zero; a,, = 0 and ag = 0. Hence it will
be a sine series; we only need to find b,.

2
1
by, = 2/f(m) Sin(?)d@"
—2
2
2
= Z/xsin(n;m)
0
2
2 NTT . pen nwr
= mr[ x cos( 5 Na=5 - cos( )dx
0
= E[_Z cos(nm)] 5232 sin(nrx) |23
—4 (—1)"4
- —0=
[cos(n)] v
Hence the Fourier series of F, 44 is
a = n nmwx
F(z) = ?0 + Z ap cos(——) + Z by, SIH(T)
n=1 n=1
o0
(=)™ . nrx
+ e sin( 5 )
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6. (10 points (bonus)) Solve the first order equation
3ug +2uy =0
with the auxiliary condition

u(z,0) = sin(x).

Solution:
Solution: Notice that
<(37 2)7 VU(JJ, y)) = Jug + 2uy =0

Hence u(x,y) is constant in the direction of (3,2). The lines parallel to (3,2) have equations
2x — 3y = 0. here 2z — 3y = 0 is called the characteristic lines. As u(x,y) is constant on these
lines therefore u(x,y) depends only 2z — 3y. Hence

u(z,y) = f(2z — 3y).
Using the the auxiliary condition u(x,0) = sin(z) we get
u(z,0) = f(2z) = sin(z).
Since f(2x) = sin(z) we can find f(z) = sin(z/2). Since
u(z,y) = f(2z — 3y) = sin((2z — 3y)/2)

is the solution. (you can check you answer by finding u, and u, and verify that 3u, 4 2u, = 0.)



