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Question 1 (Exercise 5.2, 1a) Find the solution of

Uy = BPUyy —00 < X < 00, —00 < | < 00
u(x,0) = x> —00 < x < 0,
u(x,0) =x —oo0 < x < oo.

Solution: We shall use the D’ Alembert’s formula to find the solution.

1 1 x-+at
u(t) = S[f(e+at) + fx—at)] + o [ g(rar
X

—at

where here f(x) = x? and g(x) = x. Hence we have

1 2 oy L et L o 22 2 20 17 cia
u(x,t):i[(x+at) + (x —at) ]+Z/x—at rdr :E[x + 2xat + a“t° + x° — 2xat + a“t + oo i
1
= 22+ a%t? + E[(x + at)? — (x — at)?]
1
= x% + a*t* + —daxt
4a

= x2 + a2t? + xt.

Question 2 (Exercise 5.2, 1c) Find the solution of

Upp = BPUyy —00 < X <00, —00 < t < 00
u(x,0) =0 —o00 < x < o9,
u(x,0) =1 —o0 < x < 0.

Solution: Here f(x) = 0 and g(x) = 1 where

x+-at

u(x,t) = S[f(ctat) + flx—an)] + %/ 2 (r)dr.

—at

Hence

1 at 1 x+at
u(x,t) =0+ % /x_at 1dr = Zr’x—at =t

Question 3 (Exercise 5.2, 1d) Find the solution of

Upp = BPUyy —00 < X <00, —00 <t < 00
u(x,0) =1 —o0 < x < oo,
ui(x,0) =0 —oo < x < o0,
Solution: Here f(x) = 1 and g(x) = 0 where
1 1 x+at
u(t) = S[f(x+at) + fx—ab] + o [ " g(r)ar
2 2a Jx—at

Hence 1
u(x, t) = E[l +1]+0=1.



Question 4 (Exercise 5.2, 1e) Find the solution of

U = 0P Uy —00 < X <00, —00 < t < 00
u(x,0) = sin(x) —00 < X < 00,
ur(x,0) =acos(x) —oo < x < oo.

Solution: Here f(x) = sin(x) and g(x) = a cos(x) where

1 x+at
[sin(x 4 at) + sin(x — at)] + / acos(r)dr.
X

1
/t - 3 "
ux,t) =5 20 vt

Hence
x+at

u(x,t) = =[sin(x + at) + sin(x —at)] + — / acos(r)dr
2a Jx—at
[sin(x 4 at) + sin(x — at)] + % sin(r) ¥t

= Jlsin(x +af) + sin(x — a)] + %[Sin(x +at) — sin(x — at)]

— N~ N~

= sin(x + at).

Question 5 (Exercise 5.2, 6) Let u(x,t) be a solution to

Upp = BPUyy —00< X <00, —00 <t < 00
u(x,0) = x> —oc0 < x < 0,
up(x,0) =x —oo < x < o0.

Here f(x) is C? and g(x) is C! and both vanish outside of [—b, b] for some b > 0. Then show that

lim u(x, t) = 21_a /Oo g(r)dr = % /b g(r)dr.

t—00 0 —b

Solution: As f € C?> and g € C! and defined on —o0 < x < oo then we can use D’ Alambert’s formula

to get
x+at

u(x ) = S [f(xtat) + flx—an)] + Zl—a/ o (r)dr.

—at
Now we can take limit as t — oo

lim 1(x, £) = lim [%[f(x Fab) + flx—at)] + — / ().

t—o0 t—o0 2a —at

We first observe that ¢ is large enough so that x —at < —b and x + at > b then f vanishes. Hence we
get

1 x+at 1 00
lim u(x,t) =0+ 0+ lim —/ (r)dr / g(r)dr.
X

—— oo 20 Jyat S 20 e

Since ¢ also vanishes outside of [—b, b] then integral is zero, therefore there is no contribution from
those parts. What is left if

lim u(x,t) = 2l /OO g(r)dr = % /b g(r)dr.

t—o0 a Joo



Question 6 (Exercise 5.2, 7) Verify that the solution you found in HW7 Problem 1a (Section 5.1 exercise 1a)to
the Wave equation

Uy = A%y 0<x<L, —0<t<o0
u(0,t) =0=u(L,t) —00 < t < o0

u(x,0) = f(x) = 3sin(Z*) —sin(¥) 0<x<L

ui(x,0) = g(x) = 3 sin(2F) 0<x<L.

will agree with the solution you will get by using the D’ Alembert’s formula.
Solution: In order to use D’Alembert’s formula we need to extend initial conditions to all x, co <
x < oo. To this end, we first extend f with odd extension to [—L, L] by letting

X when 0 < x <L,
fo(x) := { j:(f()—x) whgn —L<x<0.

Notice that f(x) = 3sin(Z*) — sin(%7*) is an odd function therefore,

fo(x) = 3sin(%) — sin(?) when [—L, L].

Next step is to extend f, to all —co < x < co by extending periodically. That is,
F(x) =F(x+2L) and F(x) = fo(x) when x € [—L,L].
Notice that f, is an periodic function with period 2L. Hence

4
F(x) = 3sin(%) - sin(%) when — oo < x < co.

With the same approach, we first extend g with odd extension to [—L, L] by letting

(x) = g(x) when 0 < x <L,
8o | —g(—x) when — L <x<0.

Notice that g(x) = 3 sin(#) is an odd function therefore,

2(x) = %sin(z%) when [—L, L].

Next step is to extend g, to all —co < x < co by extending periodically. That is,
G(x) =G(x+2L) and G(x)=g,(x) when x € [—-L,L].
Notice that g, is an periodic function with period 2L. Hence

1 2
G(x) = Esin(?) when — o0 < x < co.

The solution we get from D’Alembert’s formula is

u(x,t) = ~[F(x +at) + F(x — at)] + — /xmt G(r)dr = %[f(x Fat) + fx —at)] + — /xHatg(r)dr

2a Jx—at 2a Jx—at

N =



where f(x) = 3sin(2*) — sin(#7*) and g(x) = J sin(2/*). Hence

u(et) = S [f(x+at) + flx—an] + o [ g(r)ar

a Jx—at

3 . mx+at), 3 . mx—at), 1 dn(x+at), 1 . 4;(x—at)
=5 sm(—L )+ 5 sm(—L ) > sm(—L ) 5 sm(—L )]+
_ 3Sm(1/2(7t(x;—at) N n(xL—at)))COS(l/2<7t(x£Lat) B n(xL—at)))
B sin(1/2(4ﬂ(xL+ at) n 47T(xL— at) ) C05(1/2(471(9CL+ at) n 47T(xL— at) )
11

- E? cos(r)[31a;

. TIX rtat . Anx 47at L
= 3sm(T) cos(T) - sm(T) cos( T ) — ry— [cos(x + at) — cos(x — at)]

. TIX rtat . Anx 47at L . 2mat, . 2nx
=3sm(T)cos(T)—sm(T)cos( T )_47m sin( T ) sin( T )

which is exactly the same solution as in 1a in the previous problem.
Here we have used the following trig identities.

sin(x) + sin(y) = 2sin((x +y)/2) cos((x —y)/2)
and
cos(x) —cos(y) = —2sin((x +y)/2)sin((x —y)/2).
Question 7 (Exercise 5.3, 2) Solve

Uy = 02Uy 0<x<7m —o0<t<o
ux(0,6) =0 uy(m,t) =0 —oo <t < o0,

u(x,0) = cos?(x 0<x<m,

ut(x,0) = sin?(x) 0<x<m.

1. Using the Fourier series approach,

2. Using the method of images.

Solution: Using the Fourier series approach. To do this, we first rewrite

cos?(x) = ! + cos(2x)

1 cos(2x)
2 2 ’

and sin®(x) = > 5

1
4q

/

x+at

—at

. 27r
sm(T

We know from (you do not need to know/memorize this) page 321 equation (4) that the general solu-

tion is
nrtat

t
- ) + By cos( s s

5 )Jeos(—5)

u(x, t) = Aot + Bo+ ) _ [An sin(
n=1
Or after simplification,

u(x,t) = Aot + Bo+ ) _ [Ansin(nat) + By, cos(nat)] cos(nx)

n=1

Now using the initial condition, we will find A, and B,,.

u(x,0) = 1 n cos(2x)

n=1 n=1

5 = 04 Bo+ Y [Ansin(0) + B, cos(0)] cos(nx) = By + Y | B, cos(nx)

)



From which we get By = 1/2 and By = 1/2 and all other B, are zero. We next use second initial
condition to figure out A.

1 cos(2x
u(x,0) = 5 é )

= Ao+ )_ [Annacos(0) — Bynasin(0)] cos(nx) = Ag+ Y Anacos(nx).

n=1 n=1

From this we get that Ag = 1/2 and Ay2a = —1/2 and all other A, is zero. Hence

1 1 1 1
u(x, t) = Et + 5 + 5 cos(2at) cos(2x) — P sin(2at) cos(2x)

is the solution we are looking for.
Using the method of images. To this end, we need to extend the initial conditions from 0 < x < 7t
to —o0 < x < 0. In order the extension have desired boundary conditions we will use even extension.

Let f(x) = u(x,0) = } + <52 and g(x) = u(x,0) = 5 — <. Then

fe(x): f( ):2+COS(2X) when 0 < x < 7,
f(— )—2—1—M when 0 < x < 71,

cos( x)

Notice that f(x) is even function therefore we will have f,(x) = § + on [—7t, 7t|. Similarly,

s =1-=8  whenosrsn
Se :%_M when 0 < x < 7,

Similarly, g(x) is even therefore, g.(x) = 3 — w on [—7, 7t]. We next extend f, and g, to all —oo <
x < oo into periodic functions F(x) and G(x) with period of 27t

F(x+27) = F(x) F(x) = filx) = 5+ “’Sg—zx) on [—7, 7).

~—

and
Glx+2m) = G(x)  G(x) = g(x) = % - %

Notice that f,(x ) is already periodic function with period of 27 (its 27t periodic extension will be itself).

Hence F(x) = § + Cos(zx) Similarly, g. is also periodic function with period 27, hence G(x) = 1 —

cos(2x)
2

on [—1, 7T].

. Therefore, we want to solve
U = AUy —00 < X <00, —00 < t < 00
u(x,0) = F(x) = 1 + <20 0o < x < oo,
u(x,0) = G(x) = 3 — Cosézx) —00 < x < o0.

Notice that F(x) is C? function as it is a trig function and G(x) is C' function with similar reason we
can use D’Alambert’s formula to get

1 1 x+at
u(x,t) = S[F(x = at) + F(x +at)] + o /”t G(r)dr
1.1  cos(2(x—at)) 1 cos(2(x+at)) 1 xtat 1 cos(2r)
=t 2 g Iy
1 cos(2(x —at)) +cos(2(x+at)) 1 r sin(2r), . u
=27 i 22" 4 b
1 cos(2(x —at)) +cos(2(x +at)) 1 sin(x + at) — sin(x — at)

After a little algebra the solution we found with the fourier series method is exactly the same as with
the solution we found with the method of images.



Question 8 (Exercise 5.3, 6) Find the solution u(x,t) to the following Wave equation

Uy = A%y 0<x<m —0<t< o,
uy(0,t) = =1 and uy(L,t) =1 —o0 < t < oo,
u(x,0) = x—ﬂz —x+2cos(3x) and us(x,0) = cos(x) 0<x <.

Solution: We will follow the steps while converting the non-homogeneous boundary conditions to
homogeneous boundary conditions for heat equation. Therefore, we shall find a particular solution
up(x,t) to Wave equation so that if we let

v(x,t) = u(x,t) —up(x,t)

then v(x, t) solves the Wave equation with homogeneous boundary conditions. To this end, this partic-
ular solution given to us when u,(0,t) = ¢ and u,(L,t) =d

az(d—c)tz d—c ,

up(x,t) = 5T + X hex
In our case d = 1 and ¢ = —1 therefore,
a?(1—(=1)), 1-(=1) , a*2 2
1) = t x=TEp 2oy
up(x,t) 27 T 4 (-1 2l Tt T
Hence
a? 2, 15
v(x,t) = u(x, t) —up(x,t) = u(x, t) — [=t"+ —x" —x].
T T
Now

0x () = t3(3,8) — (1)) (5, ) = 5 (2, £) — (%x ~1).

From this we have
0x(0,t) = ux(0,t) — (up)x)(0,t) = =1 —(—1) =0
and
Ox (71, t) = ux (71, t) — (up)x)(m,t) =1—-(2—-1) =0.
Hence v satisfies the homogeneous boundary conditions. We see that the choice of uy, is right. Moreover,

_ 2> 22 _

u — a*uyy = 0 and (up)py — a%(Up)xx = 2 2 — 0. Hence we get

Oy — 020y = Upy — Pty — ((Up)er — a*(tp)xx) = 0.
Finally we check the initial conditions for v
x? 1,
v(x,0) = u(x,0) — up(x,0) = X +2cos(3x) — [%x — x] = 2cos(3x).
Similarly,
v(x,0) = us(x,0) — (up)¢(x,0) = cos(x) — 0 = cos(x).
Combining all of these we see that v solves the following Wave equation
Vit = @20y 0<x<m —0<t<o,

vx(0,¢) =0 and vy (L, t) =0 —o00 < t < oo,
v(x,0) = 2cos(3x) and v4(x,0) = cos(x) 0<x <.



Now we can look for separable solution to this equation and observe that the general solution will be

> nrat nrat nix
t) = A, si —).
v(x, t) rg[ n Sin( ) + By cos( T )]cos( T )
where L = 7. So -
o(x,t) = Y [Ansin(nat) + By cos(nat)]cos(nx).
n=1

Now the difference here and the general solution we had in HW7 is that instead of sine we have cosine
which is due to the boundary conditions are given in terms of x derivatives vy(0,f) = 0 and vy (L, t) =
0. When you run the machinery to find the solution that is what you will get for the solution. Now we
use this general solution and the initial conditions to find A, and B,,.

v(x,0) = 2cos(3x) Z[A sin(0) + By, cos(0)]cos(nx) = i By cos(nx)

n=1

From this we get B3 = 2 and all other B, = 0. Now for the second initial condition we need to find ¢
derivative of the general solution,

vi(x,t) = ) _[Aunacos(nat) — Byansin(nat)]cos(nx).
n=1
Evaluating this at t = 0 we get
v¢(x,0) = cos(x) = Y [Annacos(0) — Byansin(0)]cos(nx) = Y _ Aynacos(nx)
n=1 n=1

This gives us for n = 1, Ajacos(x) = cos(x) or A; = 1/a and all other A,, = 0. Combining all these we
get (for Bz and A)

v(x,t) = Bscos(3at)cos(3x) + Aq sin(at)cos(x) = 2 cos(3at)cos(3x) + % sin(at)cos(x).

We know that
v(x,t) = u(x, t) —up(x,t).

Hence

1 2,1
u(x,t) = o(x,t) +up(x,t) = 2cos(3at)cos(3x) + B sin(at)cos(x) + %tz + %xz —x

is the solution we are looking for.
Question 9 (Exercise 5.3,7) Find the solution u(x,t) to the following Wave equation

Upp = @ty + e cos(x) —00 < x <00, —00 < | < 00,
u(x,0) =0and u(x,0) =0, —oo < x < o0.

Solution: We first observe that the Wave equation has a non-homogeneous right-hand side which is
the function k(t, x). Using Proposition 1 we have

x+a(t—s) x+a(t—s)
u(x,t) Za// h(r,s)drds = % // e °cos(r)drds.

7



Hence we need to find this double integral

x+a(t—s) P
u(x,t) Za/ / e °cos(r)drds

r=x+a(t—s)
Za/o e s1n(r)|r x—a(t—s)

_ % /OteS[smHa(t—s)) —sin(x — a(t —s))]ds
= 21_a /Ot e *sin(x 4 a(t —s))ds — % /Ot e °sin(x —a(t — s))ds.

It remains to find the integral which I left it for you.

Question 10 (Exercise 5.3, 8) Find the solution u(x,t) to the following Wave equation

Upp = a%Uyy + e cos(x) —0 < x <00, —00 <t <00,
u(x,0) = f(x) and u;(x,0) = g(x), —o0 < x < o0.

Here f € C?and g € C.

Solution: Now we are going to split the problem into two pieces. Thatis, let u(x, t) = uj(x, t) + ua(x,t)

where 11 (x, ) solves the Wave equation with homogeneous right-hand side

{ (1)1 = a% (1) xx —c0 < x <00, —00 <t <00,
u1(x,0) = f(x) and (u1)¢(x,0) = g(x), —o0 < x < oo.

and uy(x, t) solves

(uz)p = az(uZ)xx + e’tcos(x) —o00 < x <00, —00 <t <00,
uy(x,0) =0 and (u2)i(x,0) =0, —o0 < x < o0.

We focus on the first PDE here that 11 solves. We know that the solution is given by the D’Alambert’s
formula (f € C*>and g € C)

x+at

n(ot) = 31+ o)+ f—an] + o [ g(r)ar.

—at

We now focus on the second pde u; solves. Notice that is exactly the same Wave equation with nonho-
mogeneous term on the right-hand side. Hence

1 t
uy(x, t) = Z/ e *sin(x +a(t—s))ds — —/ *sin(x —a(t —s))ds.
0
Hence

u(x,t) = ug(x, t) + up(x, t)
x+at

= Sl G+an + fe—an]+ o [ g

—at
1 ! —S o3 1 ' —S o3
+ﬂ/o e sm(x-l—a(t—s))ds—z/0 e °sin(x —a(t—s))ds



