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1. Let

Flx) = 1 when0<x <,
"1 0 when — 7t <x<0.

(a) (5 points) Find the Fourier series F(x) of f(x) on [—7, 7]
Solution: Notice that the function is neither even nor odd. Hence we have to find all the

terms. We start with ag

1 /- J 1 ‘”d
ao—;Lﬂf(x)x—;/()lx—l.

Thena,, n=1,2,...,

1 (= nrx 1 (= nix
ay = E /7nf(X) COS(7)dx = ;/0 1COS(T)dx

1 sin("Z%)
- E % ‘O
1sin(nm) 11
B
_ sin(nm) 0 0
Y nrmto
Wenext find b,, n = 1,2, ...,
1 (7 . nmx 1 /. nnx
b}’l - E /_nf(x) Sln(7)dx == E/O 1Sln(7)dx
1, cos(Z%)
= E[_ n ]|0
T
_ cos(nm) 1 (=" 1
- nr niro nrit nr
Hence
F(x) = %O + Y _[ancos(—=) + by sm(@)]
n=1
1 &1 (-1)" . nmx
=5 + Z p— sin( - )

(b) (2 points) At which points on [—7, 71}, do F(x) and f(x) NOT agree ?

Solution: Except at the end points and the discontinuity point, F(x) = f(x).

Hence

we only need to check points x = —7,0,77. At0, f(0) = 1 but F(1) = 1/2[1+0]/2.
Similarly, at x = —7, f(x) = 0 whereas F(—m) = 1/2 = [1 4+ 0]/2. Finally, at x = 7w we
have f(7r) = 1and F(7r) = 1/2 = [1+0]/2. They do not agree at x = — 77,0, 77 and at all

other points they agree.

(c) (3 points) Verify that

T ) (_1)k
Z_kgozkﬂ‘

Solution: Notice that 1 — (—1)" = 0 when 7 is even and it is 2 when 1 is odd. Hence if we
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replace n = 2k + 1 we have

1 & 2 . (2k+1)7x
F(x) = §+k§0 k1) sin(

).
From part (b) we know that F(x) = f(x) at x = 71/2. From this we get

1= =rl) =14y (D),
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2. (10 points) Solve

U — Uy, = tsin(2rtx), 0<x<1, t>0,
u(0,t) =0, u(l,t)=0, t>1 (1)
u(x,0) = sin(37x) 0<x<1

Solution: Since the boundary conditions are homogeneous, we can pass to the second step.

That is we shall look for where u(x,t) = uy(x, t) 4+ uz(x, t) where u; solves the homogeneous

heat equation;

ul(ol t) - O/ ul(ll t) = 0, t > O (2)
u1(x,0) = sin(37x) 0<x<1

and u; solves the non-homogeneous heat equation with zero initial condition

(up)r — (u2)xxy = tsin(2mtx), 0<x <1, t>0,
MZ(O, t) = O/ MZ(]., t) = 0/ t > 0 (3)
(x,0)0=0 0<x<1.

Then by linearity of the heat equation we conclude that u(x,t) = uq(x, t) + ux(x, t) solves our
original equation (1). We shall first focus on 11, we know the general solution is (you can use
the proposition from the book, or our lecture notes)

ZC e " tsin(nmx)
and using the initial condition for u; we get

u1(x,0) = sin(37x) = iCn sin(nrx)

ni

which tells us C3 = 1 and all other C,, = 0. Hence
uy(x, t) = e Ot sin(37tx).
solves (2). Now we focus on v,. To solve (3), we shall use the Duhamel’s principle. That is,
t
up(x,t) = /0 0(x,t —s;s)ds

where 7 solves

5t_5xx:0/ O§x§1/t20/
5(0,t;5) =0, 9(1,55) =0, >0, (4)
9(x,0;s) = ssin(27mx) 0<x<1

Here you should think of s as a constant independent of t. We know that the general solution
is
(x,t5) ZCne " gin (nrx)
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and using the initial condition in (4) we get

3(x,0;s) =) Cysin(nmx) = ssin(27x)

ny

which tells us that C; = s and all other C,, = 0. Hence we have (for n = 2)
3(x, t;5) = se ¥t sin(27x).

Using Duhamel’s principle we have

(472 + et — 1) sin(27x).

t t
uy(x,t) :/0 o(x,t—s;s)ds :/0 se~ 47 (1= sin(27rx)ds = @)

Combining this with 11 we get

w(x, ) = uy (x, ) + ua(x, ) = e ¥t sin(3mx) + (472 4 e 47"t — 1) sin(27x).

1
(472)?
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3. (10 points) Consider the Heat equation

U — 4y, = sin(2rx)t +2xt, 0<x <1, t>0,
u(0,t) =1, u,(1,t) =12, (5)
u(x,0) =1+ sin(37x) — x.

where the boundary conditions are non-homogeneous. Transform the equation into a new
one with homogeneous boundary conditions. (You do not need to solve the new equation).

Solution: We first should make the non-homogeneous boundary conditions homogeneous.
To this end, we look for particular solution 1, (x, t) to heat equation of the form a(t)x + b(t).
We first have u(0,t) = b(t) = 1. Also, up(x,t) = a(t)x +1. Second boundary condition
is given in terms x derivative, we first have (u,).(x,t) = a(t) and hence we should have
(up)x(1,t) = a(t) = £*. Hence up(x, t) = £*x + 1. We now let

v(x,t) = u(x,t) —up(x,t)
and hope that v will satisfy the heat equation with homogeneous boundary conditions.
O — 40y = Uy — Aty — [(Up)r — 4(Up)xx] = sin(27rx)t + 2xt — [2tx — 0] = sin(27rx)t.
Next, we check the boundary conditions
0(0,t) =u(0,t) —up(0,t) =1—-1=0 and vy(1,t) = ux(L,t) — (up(1,t))x = 2 — > = 0.
Hence v satisfies the homogeneous boundary conditions. We next see the initial condition
v(x,0) = u(x,0) —up(x,0) =1 +sin(37wx) —x — 1 = sin(37rx) — x
If we summarize what we got for v is that
vy — 40y =sin(2rx)t 0<x<1,t>0

v(0,t) =0, ve(1,t) =0 t>0,
v(x,0) =sin(3mx) —x 0<x<1.
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4. (10 points) Describe the steps how to solve the following heat equation

u(0,t) =a(t), u(m,t)=">0(t), (6)

{ Uy — kuyy = h(x,t), 0<x<m t>0,
u(x,0) = f(x).

Solution:

Step 1: The boundary conditions are non-homogeneous, we will make them homogeneous. To
do this, we let

up(x, 1) := 1 (B() — a(t))x + a(t

Now consider
v(x,t) = u(x,t) —up(x,t).

We should see that
v(0,t) = u(0,t) —up(0,t) = a(t) —a(t) =0 and o(L,t) = u(L,t) —uy(L,t) = b(t) —b(t) = 0.
On the other hand,

O — kUxy = 1y — Kttxy — (1) + k(up)x = h(x, ) — %(b/(t) —a'(t))x —a'(t) =: H(x,t)

and
0(x,0) = u(x,0) — 11,(x,0) = f(x) — 1(b(0) — a(0))x +a(0) = F(x)

Hence v satisfies the following equation

v(0,t) =0 o(L,t) =0

v — kv =H(x,t) 0<x<L,t>0
v(x,0) = F(x).

Step 2: From this we consider v(x,t) = v1(x,t) + va(x,t) where where 1, solves the homoge-
neous heat equation;

(ul)t_(ul)xxzol 0<x<L, t>0,
ul(O, t) = 0, Ml(L, t) = 0, (7)
uq(x,0) = F(x).

and u; solves the non-homogeneous heat equation with zero initial condition

(2)r — (u2)xx = H(x,t), 0<x<L, t>0,
uz(O, i’) =0, MZ(L, t) =0, (8)
uy(x,0) = 0.
Step 3: Find v7. In case F(x) is not given in terms of sine function we then need to do the half
range extension and then find the Fourier series of F(x) and finally find v;.
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Step 4: Using Duhamel’s principle find v,. That is,

t
up(x,t) :/0 O(x,t —s;s)ds

where 7 solves

U — Uxx = 0, 0<x<L, t>0,
9(0,t;s) =0, (L, t;s) =0, )
9(x,0;s) = H(x,s;s).

Step 5: Find 7 first and in case H(x, s; s) is not given in terms of sine function we then need to do
the half range extension and then find the Fourier series of H(x,s;s) and finally find .
Then find v5.

Step 6: Combining all of these we get

u(x, t) =o(x, t) +up(x,t) = vi1(x,t) + v2(x, t) + up(x, t).
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5. (10 points (bonus)) For a given ¢ with limy_, 1. ¢(x) = 0 “rapidly”, the solution to the fol-
lowing Heat conduction

Uy = kuXXI —00 S X S oo, t Z 0/ (10)
u(x,0) = ¢p(x) —oo<x <o
is given by
(y—x)
u(x,t) \/; ( i )dx
Here k > 0.

(a) Using (10) show that C(t) = [*_u(x,t)dx remains constant in time. You may assume
limy s to ttx(x,t) = 0. (Hint: Use (10) and do integration by parts to show that C'(¢) = 0
for every t > 0).
Using the hint, we shall show that C'(t) = 0 for every t > 0.

dt/ (x,t)dx = /ﬂO u(x, t)dx.

Using the PDE, we replace u; in the integral by ki,
() = k/ e (%, )dx = Kty (x, )% = 0

as limy_, 1 uy(x,t) = 0. Hence C'(t) = 0 we conclude that C(t) =constant.

(b) Using (10) show that E(t) = [ u?(x,t)dx decreases in time. ((Hint: Use (10) and do
integration by parts to show that E'(¢) < 0 for every t > 0).
Solution: We once again use the hint here to show that E'(t) < 0 for every t > 0.

E'(t) = jt /_O:o u?(x, t)dx = /_O:o 2u(x, t)u(x, t)dx.
Using the PDE, we replace u; with ki, in the integral
E'(t) = k/j:o 2u(x, t)uyy(x, t)dx.
Now doing an integration by parts, and using boundary conditions, and k > 0, we have
E'(f) = 2ku(x, )i (x, £)[ 2, —Zk/ (x, )b (%, £)dx

—0-0- Zk/ )(x, )dx < 0

Hence we conclude that E’(t) < 0 for every t > 0. This shows that E decreases in time.



