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1. Let
Flx) = 1 when0<x<IL,
1 0 when —L<x<0.

(a) (5 points) Find the Fourier series F(x) of f(x) on [—L, L] Solution: Notice that the func-
tion is neither even nor odd. Hence we have to find all the terms. We start with a,

L d ! Ld
—E/_Lf(x)x—z/olx—l.

Thena,,,n=1,2,...,
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(b) (2 points) At which points on [—L, L], do F(x) and f(x) NOT agree ?
Solution: Except at the end points and the discontinuity point, F(x) = f(x). Hence we
only need to check points x = —L,0,L. At0, f(0) = 1 but F(1) = 1/2. Similarly, at
x = —L, f(x) = 0 whereas F(—L) = 1/2. Finally, at x = L we have f(L) = 1 and
F(L) =1/2. They do not agree at x = —L,0, L and at all other points they agree.

(c) (3 points) Verify that

il

Solution: Notice that 1 — (—1)" = 0 when 7 is even and it is 2 when 1 is odd. Hence if we
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replace n = 2k + 1 we have

—_

B - 2 . (2k+1)7x
]:(x)_§+k;07r(2k—|—1) sin( i ).

From part (b) we know that F(x) = f(x) at x = L/2. From this we get

T T 1 & 2 , T
After some algebra we get
E_ i (_1>k+1 B i (_1)k
4 = 2%k-1 = 2k+1
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2. (10 points) Solve

U — Uyy = e Hcos(t)sin(2x), 0<x <, t >0,
u(0,t) =0, u(m,t)=0, (1)
u(x,0) = sin(3x).

Solution: Since the boundary conditions are homogeneous, we can pass to the second step.
That is we shall look for where u(x,t) = uy(x, t) 4+ uz(x, t) where u; solves the homogeneous
heat equation;

(1) — (u1)xx =0, 0<x<m, t>0,
u1(0,t) =0, uy(m,t) =0, )
u1(x,0) = sin(3x).

and uy solves the non-homogeneous heat equation with zero initial condition

(u2); — (u2)xx = e *cos(t)sin(2x), 0<x<m, t>0,
0,t) =0, ua(m,t) =0, ©)

Then by linearity of the heat equation we conclude that u(x, t) = uj(x,t) + uz(x, t) solves our
original equation (1). We shall first focus on 11, we know the general solution is (you can use
the proposition from the book, or our lecture notes)

ZCn fsin(nx)

and using the initial condition for u; we get

u1(x,0) = sin(3x) ZC sin(nx)
ny
which tells us C3 = 1 and all other C,, = 0. Hence
uy(x,t) = e ' sin(3x).

solves (2). Now we focus on v,. To solve (6), we shall use the Duhamel’s principle. That is,

-t
up(x,t) :/0 0(x,t —s;s)ds

where 7 solves
5t_5xx:0/ OSxSTE/tEO/

9(0,t;s) =0, 9(m, ts) =0, 4)
3(x,0;s) = e * cos(s) sin(2x).

Here you should think of e~#° cos(s) as a constant independent of £. We know that the general
solution is

(x,t5) ZCne "lsin (nx)
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and using the initial condition in (9) we get

9(x,0;s) = iCn sin(nx) = e~ * cos(s) sin(2x)

ni
which tells us that C; = e~* cos(s) and all other C,, = 0. Hence we have (for n = 2)

—4

d(x,t;5) = e * cos(s)e * sin(2x).

Using Duhamel’s principle we have
t t
uy(x, t) = / O(x,t —s;s)ds = / e cos(s)e (%) sin(2x)ds
0 0
To find u; we need to find that integral. After some algebra we see that
t t
ux(x,t) = / e cos(s)e (=) sin(2x)ds = e~* sin(2x) / cos(s)ds = e * sin(2x) sin(t)
0 0
Combining this with u; we get

u(x,t) = uy(x,t) +up(x,t) = e sin(3x) + e # sin(2x) sin(t)

is the solution of (1).
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3. (10 points) Consider the Heat equation

U — 2Uy =0, 0<x<1,t>0,
u(0,t) = =1, uy(1,t) =1, (5)

u(x,0) = x +sin(3Z) — 1.

where the boundary conditions are non-homogeneous. Transform the equation into a new
one with homogeneous boundary conditions. (You do not need to solve the new equation).

Solution: We first should make the non-homogeneous boundary conditions homogeneous.
To this end, we look for time-independent or steady-state solution u,(x, t) to heat equation.
We know that the only steady state solution is up(x, t) = ax + b for some a,b. We will figure
out a,b so that u,(0,f) = —1 and u,(1,¢) = 1 (which are our non-homogeneous boundary
conditions). Hence u,(0,t) = b = —1and (uy(x,t))» = a which we want to be 1 when x = 1,
ie. (up(x,t))x =a =1 Hencewe getu,(x,t) = x — 1. We now let

v(x,t) = u(x,t) —uy(x,t)

and hope that v will satisfy the heat equation with homogeneous boundary conditions. To see
this, as u solves (5), and u, is steady-state solution to heat equation, and heat equation is linear
v solves the heat equation v; = 2v,,. Next, we check the boundary conditions

v(0,t) = u(0,t) —up(0,t) = =1—(=1) =0 and vy(1,t) = uy(1,t) — (up(1,1))x =1-1=0.

Hence v satisfies the homogeneous boundary conditions. We next see the initial condition

3
0(x,0) = u(x,0) ~ uy(x,0) = x+sin(*37) ~ 1~ (x 1) = sin(f%).
If we summarize what we got for v is that
U = 20y 0<x<1,t>0
v(0,t) =0 vx(1,t) =0

v(x,0) = sin(3Z2%).
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4. (10 points) Describe the steps how to solve the following heat equation

u(0,t) =a(t), u(L,t) =0b(t), (6)

{ uy — kityy = h(x,t), 0<x<L,t>0,
u(x,0) = f(x).

Solution:

Step 1: The boundary conditions are non-homogeneous, we will make them homogeneous. To
do this, we let

up(x, 1) := 1 (B() — a(t))x + a(t

Now consider
v(x,t) = u(x,t) —up(x,t).

We should see that
v(0,t) = u(0,t) —up(0,t) = a(t) —a(t) =0 and o(L,t) = u(L,t) —uy(L,t) = b(t) —b(t) = 0.
On the other hand,

O — kUxy = 1y — Kttxy — (1) + k(up)x = h(x, ) — %(b/(t) —a'(t))x —a'(t) =: H(x,t)

and
0(x,0) = u(x,0) —up(x,0) = f(x) — +(b(0) —a(0))x +a(0) = F(x)

Hence v satisfies the following equation

v(0,t) =0 o(L,t) =0

v — kv =H(x,t) 0<x<L,t>0
v(x,0) = F(x).

Step 2: From this we consider v(x,t) = v1(x,t) + va(x,t) where where 1, solves the homoge-
neous heat equation;

(ul)t_(ul)xxzol 0<x<L, t>0,
ul(O, t) = 0, Ml(L, t) = 0, (7)
uq(x,0) = F(x).

and u; solves the non-homogeneous heat equation with zero initial condition

(u2) — (u2)xx = H(x,t), 0<x<L, t=>0,
uz(O, i’) =0, MZ(L, t) =0, (8)
uy(x,0) = 0.
Step 3: Find v7. In case F(x) is not given in terms of sine function we then need to do the half
range extension and then find the Fourier series of F(x) and finally find v;.
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Step 4: Using Duhamel’s principle find v,. That is,

t
up(x,t) :/0 O(x,t —s;s)ds

where 7 solves

(e Uxx—O 0<x<L, t>0,
9(0,t;s) =0, (L, t;s) =0, )
o(x, O s) = H(x,s;s).

Step 5: Find 7 first and in case H(x, s; s) is not given in terms of sine function we then need to do
the half range extension and then find the Fourier series of H(x,s;s) and finally find .
Then find v5.

Step 6: Combining all of these we get

u(x, t) =o(x, t) +up(x,t) = vi1(x,t) + v2(x, t) + up(x, t).
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5. (5 points (bonus)) Let u be a solution to the following heat equation

Up = Uxy, 0<x<m t=>0,
uy(0,¢) =0, uy(m,t)=0, t>0
u(x,0) = f(x), 0<x <

Show that

7T
I(t) = / et gy
0
decreases as a function of f for t > 0.

Solution: To show I(t) decreases, we show that I'(t) < 0 for every ¢ > 0. To this end,

o

Since u;y = uyy forallt > 0and 0 < x < 71 we have
T
I'(t) = / g (x, £)e" ) dx
Jo
7T
= / Ux (x, 1)) dx.
0

Now we do integrate by parts and use the boundary conditions to get
7T
I’(t) = [ux(x, t)ell(X,t)]g _ / T/lx(x, t) %eu(x’t)dx
J0

7T
= ux(ﬂ',t)e”(n’t) _ ux(O,t)e“(O't) _ /0 uﬁ(x,t)e“(x't)dx

s
=0-0-— /0 u? (x, t)e" " dx.

Since u2(x, t) and e*(*!) are always non-negative, therefore the right-hand side is always non-
positive. Thatis I'(t) < 0 for every t. Hence I(t) decreases as a function of ¢ for t > 0.



